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The Central Signal Singularity Phenomenon in Balanced
SSFP and Its Application to Positive-Contrast Imaging

R. Reeve Ingle,1* Tolga Çukur,2 and Dwight G. Nishimura1

Small perturbations of steady-state sequence parameters can
induce very large spectral profile deviations that are localized to
specific off-resonant frequencies, denoted critical frequencies.
Although, a small number of studies have previously considered
the use of these highly specific modulations for MR angiography
and elastography, many potential applications still remain to be
explored. An analysis of this phenomenon using a linear systems
technique and a geometric magnetization trajectory technique
shows that the critical frequencies correspond to singularities
in the steady-state signal equation. An interleaved acquisition
combined with a complex difference technique yields a spectral
profile containing sharp peaks interleaved with wide stopbands,
while a complex sum technique yields a spectral profile similar
to that of balanced steady-state free precession. Simulations
and phantom experiments are used to demonstrate a novel
application of this technique for positive-contrast imaging of
superparamagnetic iron-oxide nanoparticles. The technique is
shown to yield images with high levels of positive contrast
and good water and fat background suppression. The tech-
nique can also simultaneously yield images with contrast similar
to balanced steady-state free precession. Magn Reson Med
67:1673–1683, 2012. © 2011 Wiley Periodicals, Inc.
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The balanced steady-state free precession (bSSFP) sequence
(1,2) has a periodic spectral profile that varies with off-
resonant frequency. Many modifications to the bSSFP
sequence have been developed to alter the spectral profile,
including methods to diminish the variation with off-
resonant frequency (e.g., to reduce the so-called banding
artifact) (3–5) and methods to enhance the variation with
off-resonant frequency (e.g., to suppress the fat signal) (6–
16). When modifying the bSSFP sequence or when design-
ing multiple repetition time (TR) sequences, certain con-
figurations of excitations and TRs result in localized spikes
or dips in the spectral profile. These spectral profile devi-
ations are often found in profiles generated by automatic
design techniques (8) as well as certain oscillating and
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multi-TR sequences (11–14,17). The phenomenon has pre-
viously been denoted central signal dip (13), and methods
for preventing the occurrence of central signal dip in a
multi-TR design technique have been proposed (16). In this
work, we refer to this phenomenon as the central signal
singularity phenomenon, and we show that spectral dips
as well as spikes and other spectral profile deviations can
be induced by perturbations to the bSSFP sequence.

Specific phase-perturbed SSFP sequences have been
studied using geometric and linearization techniques
(12,17). To our knowledge, however, no thorough analy-
sis of the central signal singularity phenomenon, including
the cause of the localized spectral profile deviations, has
previously been conducted. A better understanding of
this phenomenon will be useful for steady-state sequence
design, enabling the prevention of these sharp spikes and
dips, which can lead to unwanted signal modulation and
banding artifacts. Furthermore, knowledge of how differ-
ent factors affect the width, depth, and location of the
spectral spikes and dips will be useful for designing novel
pulse sequences that utilize the central signal singularity
phenomenon.

In this work, we explore the central signal singularity
phenomenon and provide an analysis of its causes via
algebraic and geometric techniques. We illustrate the phe-
nomenon using Bloch simulations of flip-angle-perturbed,
RF phase-perturbed, and TR-perturbed bSSFP sequences,
and we show that small, alternating perturbations of flip
angles (α), RF phases (φ), or TRs cause sharp, localized devi-
ations in the spectral profile. We analyze an α-perturbed
SSFP sequence using an eigendecomposition technique
as well as a geometric magnetization trajectory approach.
These techniques can be easily generalized to analyze the
central signal singularity phenomenon in other steady-state
sequences, such as φ-perturbed SSFP, TR-perturbed SSFP,
and multi-TR SSFP sequences.

After presenting a detailed explanation of the theory of
the central signal singularity phenomenon, we demonstrate
an application of the phenomenon to positive-contrast
imaging, whereby field perturbations near iron-containing
contrast agents, such as superparamagnetic iron-oxide
(SPIO) nanoparticles, yield hyperintense signal (18–22).
We introduce three perturbed differenced SSFP (pdSSFP)
sequences: α-pdSSFP, φ-pdSSFP, and TR-pdSSFP. We use
Bloch simulations, scans of a homogeneous phantom for
spectral profile measurement, and scans of an agar gel
phantom containing SPIO nanoparticles to assess the per-
formance of the pdSSFP sequences for positive-contrast
imaging. The pdSSFP sequences achieve good water and
fat background suppression and generate positive contrast
surrounding regions containing SPIO nanoparticles. The
pdSSFP sequences use an interleaved acquisition strategy
during odd and even TRs and are able to simultaneously
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generate positive-contrast images (via a complex difference
technique) and images with contrast similar to bSSFP (via
a complex sum technique). Due to the interleaved acquisi-
tion technique, these images are inherently coregistered.

THEORY

The bSSFP pulse sequence is a periodic pulse sequence that
consists of a single excitation per period and excitation and
imaging gradients that are fully refocused over each period.
TR is typically much shorter than T1 and T2 such that
the resulting steady-state magnetization contains a large
transverse component. Nominally, all excitations have the
same flip angle, and the phase cycling scheme is usually
chosen such that the RF phases alternate between 0◦ and
180◦ for consecutive excitations. The bSSFP spectral profile
is periodic with period 1/TR, and it has smooth, contin-
uous passband regions flanked by sharp, rapidly-varying
transition-band regions.

Perturbed SSFP

Small, alternating perturbations of parameters in a bSSFP
sequence can cause large, highly localized deviations in
the magnetization profile. These deviations occur at spe-
cific frequencies in the center of the passband and can
result from perturbations in the flip angle, RF phase, or
TR. Three different perturbed SSFP sequence diagrams are
shown in Fig. 1. Figure 1a shows an α-perturbed sequence,
where the flip angles of odd and even excitations have been
perturbed by −∆α/2◦ and ∆α/2◦, respectively. Figure 1b
shows a φ-perturbed sequence, where the RF phases of even
excitations have been perturbed by ∆φ degrees. Figure 1c
shows a TR-perturbed sequence, where the odd and even
TRs have been perturbed by −∆TR/2 ms and ∆TR/2 ms,
respectively. The spectral profiles in even and odd TRs
are shown in Fig. 2, where the following parameters were
used: TR = 4.6 ms (α- and φ-perturbed), TR = 6.9 ms (TR-
perturbed), α = 60◦, ∆α = 1◦, ∆φ = 5◦, ∆TR = 0.1 ms,
T1/T2 = 1000/200 ms. These parameters were chosen
to illustrate the different features of the perturbed SSFP
sequences. The perturbations yield alternating even- and
odd-TR steady-state magnetization profiles that have large
deviations from the bSSFP profile in the center of the
passband but little change in the transition-band. The devi-
ations are localized to a small set of distinct frequencies that
we denote critical frequencies.

In the following two sections, we present two corre-
sponding analyses of the perturbed SSFP sequences, focus-
ing on the spectral profile deviations that occur at the
critical frequencies. In the first section, we use a linear
systems approach in which the matrix expression for the
steady-state magnetization is analyzed via eigendecompo-
sition (23,24). In the second section, we use a geomet-
ric approach in which the trajectory of the steady-state
magnetization vector is plotted for different off-resonant
frequencies (25).

Linear Systems Analysis

A steady-state sequence can be represented by a fundamen-
tal period that is repeated to form the entire sequence. For

FIG. 1. The pulse sequence diagrams for the (a) flip-angle-perturbed
SSFP, (b) phase-perturbed SSFP, and (c) TR-perturbed SSFP
sequences.

the case of a perturbed SSFP sequence, the fundamental
period consists of an even and odd TR. The magnetization
change over one period is

Mk+1 = RMk + b, [1]

where Mk and Mk+1 are the magnetization (Mx , My , Mz) at
the beginning and end of the period, R is a 3 × 3 matrix
accounting for excitation, precession, and relaxation dur-
ing the period, and b is a 3 × 1 vector that is a function of
excitation, precession, and relaxation during even and odd
TRs. In steady state, Mk = Mk+1 = Mss, and Eq. 1 can be
solved for the steady-state magnetization (Mss), yielding

Mss = (I − R)−1b. [2]

Equation 2 is a complicated function of the sequence
parameters, with the matrix R and the vector b being
composed of numerous products of rotation matrices and
diagonal relaxation matrices. For example, the matrix R for
the α-perturbed SSFP sequence is

R = Rx (α − ∆α/2)

× E Rz(2πf TR) R−x (α + ∆α/2) E Rz(2πf TR), [3]

and the vector b is

b = Rx (α − ∆α/2)

× [E Rz(2πf TR) R−x (α + ∆α/2) + I](I − E)M0, [4]
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FIG. 2. The spectral profiles in even and odd TRs for the (a) flip-angle-perturbed SSFP, (b) phase-perturbed SSFP, and (c) TR-perturbed
SSFP sequences. The profiles were simulated using α = 60◦ and T1/T2 = 1000/200 ms. a: Flip-angle perturbation ∆α = 1◦ and TR = 4.6 ms
were simulated. The alternating ±∆α/2◦ perturbations of flip angles yield sharp, localized dips and spikes in the center of the magnitude
profile during odd and even TRs, respectively. b: Phase perturbation ∆φ = 5◦ and TR = 4.6 ms were simulated. The ∆φ◦ phase perturbations
of even excitations induce discontinuities in the center of the magnitude profile during odd and even TRs. c: TR perturbation ∆TR = 0.1 ms
and TR = 6.9 ms were simulated. The alternating ±∆TR/2-ms perturbations of TRs yield spectral profile discontinuities that vary in magnitude
with off-resonant frequency. The phase profiles of all three sequences contain similar perturbations located at the same frequencies. The
additional 180◦ phase due to the (0, 180)◦ phase schedule has been removed from the even-TR phase profiles.

where R±x (θ) represents a clockwise rotation of θ about the
±x-axis, Rz(θ) represents a clockwise rotation of θ about the
z-axis, E = diag[e−TR/T2 , e−TR/T2 , e−TR/T1 ], M0 is the equi-
librium magnetization, and f is the off-resonant frequency
in Hz. The analysis can be greatly simplified by computing
the eigendecomposition of R,

R = VΛV−1, [5]

where V is a 3×3 matrix whose columns (v1, v2, and v3) are
the eigenvectors of R, and Λ is a 3×3 diagonal matrix whose
diagonal entries (λ1, λ2, and λ3) are the eigenvalues of R.
Substituting Eq. 5 into Eq. 2, the steady-state magnetization
can be expressed as

Mss = V(I − Λ)−1V−1b. [6]

Equation 6 can be interpreted as follows. First, the
vector b is decomposed into its components along each
eigenvector. Then, each of these components is scaled inde-
pendently by (1 − λi)−1, which are the three components
of the diagonal matrix (I − Λ)−1. Finally, the multiplica-
tion by V transforms the result back into the Cartesian
coordinate system (24). There are two notable special cases
that should be considered when analyzing Eq. 6. The first
is when one eigenvalue is much closer to 1 than the other
two, which occurs at most off-resonant frequencies. The

second is when all three eigenvalues are close to 1, which
occurs at the critical frequencies.

When one eigenvalue (say, λ1) is much closer to 1 than
the other two, |(1 − λ1)−1| is much larger than the magni-
tude of the other two components of the diagonal matrix
(I − Λ)−1. Subsequently, Mss is directed nearly parallel to
v1. In this case, knowledge of the dominant eigenvector, v1,
is sufficient to determine the direction of the steady-state
magnetization vector. Since R is composed of a product
of rotation matrices (each having one eigenvalue equal to
one) and a small amount of exponential damping (E ≈ I),
at most off-resonant frequencies, R has one real eigenvalue
that is close to 1, and the other two eigenvalues form a
complex conjugate pair that is much farther from 1. Thus,
at these off-resonant frequencies, Mss smoothly “tracks” the
corresponding real eigenvector, which yields a smooth and
continuous spectral profile. This phenomenon is demon-
strated in Fig. 3 for a standard bSSFP sequence. Figure 3a
plots the eigenvalues of R for an off-resonant frequency of
60 Hz, showing one dominant eigenvalue that is close to 1.
Figure 3b shows the corresponding dominant eigenvector
(v1) and the steady-state magnetization vector, which are
coaligned.

The second notable special case occurs when all three
eigenvalues of R are close to 1, or equivalently, R ≈ I.
This condition yields a singularity in the steady-state signal
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FIG. 3. The eigenvalues (a) and eigenvectors (b) of the system matrix
R of a bSSFP sequence are plotted for two different off-resonant fre-
quencies shown on the spectral profile (c). a: At f = 60 Hz, there is
one dominant, real eigenvalue that is close to 1 (blue diamond) and
two complex eigenvalues that are far from 1. At f = 0 Hz, all three
eigenvalues are real and close to 1, but one eigenvalue (black dia-
mond) remains closest to 1. b: At both frequencies, the steady-state
magnetization is parallel to the corresponding dominant eigenvec-
tor v1. c: The spectral profile is smooth and continuous since the
steady-state magnetization vector tracks v1 across all frequencies.
[Color figure can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

equation (Eqs. 2 and 6). At these off-resonant frequen-
cies, small changes of the steady-state sequence parameters
yield small changes of R, which in turn are magnified
into very large changes of Mss, since ‖(I − R)−1‖ is very
large. Thus, these off-resonant frequencies are the critical
frequencies mentioned previously.

For the case of bSSFP, the critical frequencies occur at
integer multiples of 1/TR Hz, located in the center of the
passband of the spectral profile. In the absence of sequence

perturbations (i.e., ∆α = ∆φ = ∆TR = 0), all three eigen-
values of R are real (since R is symmetric) and close to 1
at f = 0 Hz, but there is still one dominant real eigenvalue
that is closer to 1 than the other two (Fig. 3a). Although
the magnitudes of the three eigenvalues are very simi-
lar, the inversion via (I − Λ)−1 amplifies the relatively
small differences between the eigenvalues, yielding a dom-
inant eigenvector corresponding to the eigenvalue that is
closest to one. The steady-state magnetization continues
to “track” the dominant eigenvector through these criti-
cal frequencies (Fig. 3b), resulting in a smooth spectral
profile having no sharp deviations at these frequencies
(Fig. 3c). In the presence of sequence perturbations, how-
ever, R has a complex pair of dominant eigenvalues at
the critical frequencies, and Mss no longer tracks a sin-
gle eigenvector. Consequently, the direction of Mss changes
significantly, resulting in large deviations in the spec-
tral profile. Figure 4a plots the eigenvalues of R for an
α-perturbed SSFP sequence with ∆α = 1◦, at f = 0 Hz.
At this critical frequency, the two complex eigenvalues of
R are closest to 1, and the steady-state magnetization lies

FIG. 4. The eigenvalues (a) and eigenvectors (b) of the system matrix
R of an α-perturbed SSFP sequence are plotted for f = 0 Hz. a: The
pair of complex eigenvalues is dominant, and the real eigenvalue
(red diamond) is farther from 1. b: The steady-state magnetization
vectors during even and odd TRs are linear combinations of the
corresponding complex eigenvectors, which are orthogonal to the
real eigenvector v1. Both the complex eigenvalues and the com-
plex eigenvectors occur in complex conjugate pairs, and the linear
combination results in a steady-state magnetization vector with real
components, positioned in the y-z plane, orthogonal to v1. Mss

is oriented more longitudinally during odd TRs and closer to the
transverse plane during even TRs, compared to Mss of a bSSFP
sequence (dotted black). c: Since the steady-state magnetization
vector does not track v1 at f = 0 Hz (and other critical frequencies),
sharp dips and spikes are induced in the odd and even spectral pro-
files, respectively. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]
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FIG. 5. The steady-state magnetization trajectories of the (a) bSSFP and (b) α-perturbed SSFP sequences were simulated for three off-
resonant frequencies: 60 Hz, 10 Hz, and 0 Hz. a: For bSSFP, the x-y and y-z trajectories are symmetric. b: For α-perturbed SSFP, the
steady-state trajectories at 60 Hz and 10 Hz rotate slightly to compensate for the net nutation angle of ∆α = 1◦ per period. This rotation is
visible in the x-y projection as a slight shift of the profile in the −x direction. For the 0-Hz trajectory, the magnetization is constrained to the
y-z plane, and a very large rotation is required so that relaxation differences in odd and even TRs compensate for the additional nutation of
∆α = 1◦. This large rotation results in the sharp dips and spikes in the spectral profiles during odd and even TRs.

in the span of the corresponding eigenvectors. Figure 4b
plots the resulting steady-state magnetization vectors dur-
ing even and odd TRs. The steady-state magnetization
vector of the unperturbed SSFP sequence is also plotted
for comparison. The resulting change in direction of Mss

yields the narrow spikes and dips in the even and odd TRs
of the α-perturbed spectral profile (Fig. 4c).

Magnetization Trajectory Analysis

In this section, we explain the central signal singular-
ity phenomenon using a geometric approach that tracks
the trajectory of the magnetization vector over time. For
simplicity, we simulate and plot the trajectories of an
α-perturbed SSFP sequence, but the technique is easily
generalizable for analysis of φ-perturbed and TR-perturbed
SSFP sequences as well as multi-TR sequences. Figure 5
plots the magnetization trajectories of a standard bSSFP
sequence and an α-perturbed SSFP sequence with ∆α =
1◦. Trajectories are plotted for three different isochro-
mats with off-resonant frequencies of 60 Hz, 10 Hz, and
0 Hz. Figure 5a shows projections of the bSSFP trajectory,
which are symmetric about the coordinate axes. As the
off-resonant frequency approaches 0 Hz, the amount of pre-
cession per TR decreases, and the magnetization becomes
confined to the y -z plane, oscillating symmetrically about
the z-axis due to the alternating ±α◦ excitations.

Figure 5b shows the trajectories of an α-perturbed
sequence with ∆α = 1◦. The fundamental period of
this sequence consists of an excitation with flip angle

(α − ∆α/2)◦ followed by an excitation with flip angle
−(α+∆α/2)◦, yielding a net excitation of −∆α◦ per period.
Since the steady-state magnetization must return to the
same magnitude and direction after each period, the mag-
netization trajectory must be asymmetric to compensate
for the nonzero net excitation per period. At off-resonant
frequencies that are far from 0 Hz (or integer multiples
of 1/TR Hz), a significant amount of precession occurs
between each excitation, and a small asymmetry of the
magnetization trajectory is sufficient to compensate for the
additional net excitation of −∆α◦ per period. Compared
with the symmetric trajectory of the unperturbed SSFP
sequence, the transverse magnetization trajectory of the α-
perturbed SSFP sequence is shifted by a small amount in
the -x direction to account for the larger nutation angle
of the even excitations. Thus, the resulting spectral pro-
file of the α-perturbed sequence is very similar to that of
the unperturbed SSFP sequence at off-resonant frequencies
away from 0 Hz and integer multiples of 1/TR Hz.

At off-resonant frequencies of 0 Hz or integer multiples
of 1/TR Hz, there is no net effective precession per TR,
and the steady-state magnetization is constrained to the
y -z plane. At these frequencies, the transverse magneti-
zation trajectory of the perturbed sequence can no longer
shift in the ±x direction to account for the nonzero net
excitation per period. In the absence of relaxation, the
magnetization would never reach steady state. Instead, it
would experience a net rotation of −∆α◦ each period and
would circulate continuously in the y -z plane. In the pres-
ence of relaxation, the effects of transverse and longitudinal
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FIG. 6. The complex difference and complex sum of the odd-TR and even-TR spectral profiles were simulated for the (a) α-perturbed,
(b) φ-perturbed, and (c) TR-perturbed SSFP sequences. The same sequence parameters were used as for the perturbed SSFP sequences
in Fig. 2. At the critical frequencies, the transverse magnetization differs greatly between odd and even TRs, yielding the sharp peaks in
the difference profiles and localized dips in the sum profiles. Away from the critical frequencies, the magnetization in even and odd TRs is
relatively unchanged from the standard bSSFP sequence, yielding nulls in the difference profiles and bSSFP-like magnetization in the sum
profiles. The phase profiles of the difference sequences contain 180◦ phase changes at the critical frequencies, yielding spectral profiles
similar to those of low-flip-angle bSSFP. The phase profiles of the sum sequences contain 180◦ phase changes between each lobe of the
magnitude profile, similar to the phase profiles of standard bSSFP.

relaxation during each TR are capable of offsetting the net
rotation of −∆α◦, and a non-zero steady-state solution can
be achieved. The magnetization vector must be oriented
closer to the transverse plane during even TRs and more
longitudinally during odd TRs so that the subsequent relax-
ation differences during even and odd TRs will offset the
flip-angle differences. If TR � T1, T2, the amount of relax-
ation per TR is small, and the steady-state magnetization
trajectory must be highly asymmetric so that the relax-
ation differences will compensate for the differences in flip
angle. The amount of asymmetry increases with the magni-
tude of the perturbation, since a larger relaxation difference
is required to offset a greater difference in nutation angle.
Likewise, longer T1 and T2 values result in more asymmet-
ric steady-state solutions since there is less relaxation per
TR.

Perturbed Differenced SSFP

By subtracting the even-TR and odd-TR spectral pro-
files, the resulting complex difference spectral profile
contains nulls or very small magnitude away from the
critical frequencies, where the even and odd profiles
are very similar. Near the critical frequencies, the com-
plex difference magnitude profile contains sharp peaks,
where the even and odd profiles contain large, distinct
deviations from the unperturbed profile. This technique,

called Perturbed Differenced SSFP (pdSSFP), can be per-
formed with α-perturbed, φ-perturbed, or TR-perturbed
SSFP sequences. For clarity and consistence with other
phase cycling schemes, the additional 180-degree phase
due to the (0, 180)◦ phase schedule is removed from the
even spectral profiles before subtraction.

Subtraction of even and odd spectral profiles of
α-perturbed, φ-perturbed, and TR-perturbed sequences
(Fig. 2a–c) yields the pdSSFP profiles (top row of Fig. 6a–c).
The α-pdSSFP and φ-pdSSFP magnitude profiles each
contain a periodic train of identical spikes, while the TR-
pdSSFP magnitude profile contains spikes that increase in
width away from 0 Hz. For each pdSSFP sequence, the
spike width (FWHM) is a function of perturbation size
(∆α, ∆φ, or ∆TR), with larger perturbations resulting in
wider spikes but less stopband attenuation around the sig-
nal nulls. Likewise, the amplitude of the spikes can be
controlled by varying α, which can be optimized for a
species with particular T1 and T2 values. The choice of
TR controls the spacing of the spikes and nulls in the fre-
quency domain, with spikes nominally spaced at intervals
of 1/TR Hz. To shift the entire spectrum in the frequency
domain, thereby aligning a spike or null with a particu-
lar frequency, the center frequency of the scanner can be
varied. Alternatively, for α-pdSSFP or φ-pdSSFP, a linear
phase cycling scheme can be applied. For TR-pdSSFP, how-
ever, the shape and width of the spectral spikes vary with
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off-resonant frequency location, as described below, and
only variation of the center frequency will preserve the
profile shape.

There are subtle differences between the α-pdSSFP,
φ-pdSSFP, and TR-pdSSFP profiles that should be noted.
The spectral spikes in the α-pdSSFP and φ-pdSSFP pro-
files are the same across all critical frequencies, while
the spikes in the TR-pdSSFP profile have varying shapes
and widths. The widths of the central signal singularity
increase at higher critical frequencies, as can be seen in
both the difference and sum profiles in Fig. 6c. The shape
variations are most apparent in the sum profile, visible
as deeper notches at higher critical frequencies (Fig. 6c).
Due to the finite resolution of the plots in Fig. 6c, the
shape variations are not visible in the difference profile.
The α-pdSSFP and φ-pdSSFP spectral spikes result from
steady-state magnetization deviations that are induced to
offset the flip-angle or phase differences between even and
odd excitations, and these differences are independent of
off-resonant frequency. On the other hand, the TR-pdSSFP
spikes are caused by frequency-dependent precession dif-
ferences between even and odd TRs. At the f = 0 Hz critical
frequency, there is zero precession in both even and odd
TRs, which results in no perturbation of the steady-state
magnetization and thus no spike in the TR-pdSSFP pro-
file. At the next critical frequency, f = ±1/TR Hz, there
is a precession difference of 2π(∆TR/TR) between even
and odd TRs, which yields spikes in the TR-pdSSFP pro-
file at the corresponding off-resonant frequencies. At the
next critical frequency away from 0 Hz, f = ±2/TR Hz, the
precession difference is doubled to 4π(∆TR/TR), which
results in larger perturbations of the steady-state magne-
tization and subsequently, wider spikes in the TR-pdSSFP
profile.

Perturbed Summed SSFP

Analogous to pdSSFP, the even and odd profiles can instead
be summed (bottom row of Fig. 6). Of particular interest is
the TR-perturbed summed profile (Fig. 6c), which contains
a central lobe that is free of perturbations. Since this cen-
tral lobe is very similar to that of the bSSFP profile, the
TR-perturbed summed sequence can be used to acquire
images with contrast similar to bSSFP, while the differ-
enced sequence can be used to yield positive contrast from
highly off-resonant regions in the object.

METHODS

In the following sections, we demonstrate the features
of the pdSSFP sequences via an application to positive-
contrast imaging, in which field perturbations near iron-
containing contrast agents yield regions of hyperin-
tense signal. With the appropriate choices of flip angle,
∆α/∆φ/∆TR, and phase cycling, the pdSSFP sequences are
well-suited for positive-contrast imaging applications. In
this section, we select pdSSFP sequence parameters, use
simulations to analyze and compare the resulting spectral
profiles, and describe the phantom experiments performed
to demonstrate the application of the pdSSFP sequences to
positive-contrast imaging.

FIG. 7. The spectral profiles were simulated for the (a) α-pdSSFP, (b)
φ-pdSSFP, and (c) TR-pdSSFP sequences using the T1 and T2 values
of the agar gel phantom containing SPIO nanoparticles (T1/T2 =
265/30 ms) and (a) α = 40◦, ∆α = 6◦, TR = 4.6 ms, and φ = (0, 0)◦,
(b) α = 40◦, ∆φ = 9◦, TR = 4.6 ms, and φ = (0, 0)◦, and (c) α = 30◦,
∆TR = 0.55 ms, TR = 6.9 ms, and φ = (0, 180)◦. A longer TR of
6.9 ms and a (0, 180)◦ phase cycling schedule were used for the
TR-pdSSFP sequence since it does not have signal perturbations at
the 0-Hz critical frequency. The α-pdSSFP and φ-pdSSFP profiles
are very similar, having nulls on the water and fat resonances at
1.5 T and a wide, high-amplitude peak centered midway between
the two resonances. The TR-pdSSFP profile has a spectral peak
that is centered closer to the fat resonance, yielding reduced signal
suppression in the fat stopband. The profile has a wide region of
signal suppression throughout the water stopband.

Simulations

For each pdSSFP sequence, the phase cycling and TR can
be chosen to align signal nulls with the water and fat reso-
nant frequencies, yielding robust background suppression
for positive-contrast imaging applications. For α-pdSSFP
and φ-pdSSFP sequences, a TR of 4.6 ms and a (0, 0)◦ phase
schedule align signal nulls with water and fat resonances
at 1.5 T, with a signal peak located midway between at
f = −1/(2 TR) Hz. Because the TR-pdSSFP sequence does
not have a spectral peak at the 0-Hz critical frequency
(Fig. 6c), a longer TR of 6.9 ms and a (0, 180)◦ phase sched-
ule are required to place a signal null on the fat resonance
as well as position a signal peak between the water and fat
resonances. These parameter choices also result in a broad
stopband around the water resonance.

The spectral profiles of each pdSSFP sequence are plot-
ted in Fig. 7 using these values of TR and phase cycling
schemes. The following flip angles and perturbation sizes
were chosen for each sequence to yield a good trade-off
between contrast-to-noise ratio (CNR) and fat and water
background suppression: α = 40◦ and ∆α = 6◦ (α-pdSSFP),
α = 40◦ and ∆φ = 9◦ (φ-pdSSFP), and α = 30◦ and ∆TR =
0.55 ms (TR-pdSSFP). The α-pdSSFP and φ-pdSSFP pro-
files have nulls at both water and fat resonances, and they
have broad, high-amplitude peaks that yield high CNR.
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Table 1
Sequence Parameters

Sequence α (◦) φ (◦) TR (ms) TE (ms) TRodd/TReven (ms) Perturbation

GRE 30 – 21 6 – –
α-pdSSFP 40 (0, 0) 4.6 2.3 – ∆α = 6◦
φ-pdSSFP 40 (0, 0) 4.6 2.3 – ∆φ = 9◦
TR-pdSSFP 30 (0, 180) 6.9 3.3/3.6 6.6/7.2 ∆TR = 0.55 ms

The TR-pdSSFP sequence has a signal null at the fat res-
onant frequency, and it has a broad but nonzero stopband
around the water resonant frequency. The signal peak is
located at a higher off-resonant frequency than α-pdSSFP
and φ-pdSSFP, which could reduce unwanted positive
contrast around air-tissue interfaces and other regions
with moderate magnetic susceptibility differences. Since
the peak is close to the fat resonance, however, the TR-
pdSSFP sequence has poorer fat background suppression
than α-pdSSFP or φ-pdSSFP.

Phantom Experiments

The spectral profiles of the three pdSSFP sequences were
verified by scanning a uniform spherical phantom (T1/T2 =
370/300 ms). A linear gradient shim was applied along the
right/left direction to create a spatially-varying off-resonant
frequency across the phantom. The sequence parameters
for the α-pdSSFP, φ-pdSSFP, and TR-pdSSFP sequences are
summarized in Table 1. For each pdSSFP sequence, two
interleaved 3D acquisitions were obtained during even and
odd TRs using a 24-cm FOV, 0.94×0.94×3 mm3 resolution,
and 256×256×60 encoding matrix. The resulting even and
odd complex images were subtracted to yield the pdSSFP
spectral images. Bloch simulations were performed to com-
pare the theoretical profiles with cross-sectional profiles
from each of the measured spectral images.

An agar gel phantom (T1/T2 = 265/30 ms) containing
SPIO nanoparticles was constructed to demonstrate and
compare the levels of positive contrast and background
suppression of the pdSSFP sequences. A cylindrical gel
phantom composed of 4% agar by weight and 8 mM NiCl2

was prepared. The phantom contained four cylindrical
wells that were filled with agar solutions doped with
100, 200, 400, and 800 µg/mL concentrations of SPIO
fluidMAG-D nanoparticles (Chemicell, Berlin, Germany).

The agar gel SPIO phantom and an oil phantom were
simultaneously imaged using a birdcage head coil on a 1.5-
T GE Signa scanner (GE Healthcare, Waukesha, WI) with
gradients capable of 40 mT/m amplitude and 150 mT/m/ms
slew rate. Three-dimensional gradient-recalled echo (GRE)
and pdSSFP images were collected with the following com-
mon set of parameters: 16-cm FOV, 0.83 × 0.83 × 1 mm3

resolution, and 192 × 192 × 60 encoding matrix. Readout
bandwidths of ±31.25 kHz (GRE) and ±62.5 kHz (pdSSFP)
were used. The sequence parameters are summarized in
Table 1. To normalize the total scan time across all positive-
contrast sequences, α-pdSSFP and φ-pdSSFP acquisitions
were averaged 3 times and the TR-pdSSFP acquisition was
averaged 2 times to yield a total scan time of 5 min 45 s for
all positive-contrast sequences.

RESULTS

The spherical phantom spectral images acquired with the
α-pdSSFP, φ-pdSSFP, and TR-pdSSFP sequences are shown
in Fig. 8. Measured cross-sectional profiles from each image
agree well with simulated spectral profiles. The sum of
even and odd acquisitions from the TR-perturbed sequence
is shown in the bottom row of Fig. 8. The spectral pro-
file contains a central lobe that is free of perturbations,
which can be used to acquire images with contrast similar
to bSSFP.

The SPIO and oil phantom images acquired with the
GRE and pdSSFP sequences are shown in Fig. 9. The GRE

FIG. 8. A homogeneous spherical phantom (T1/T2 = 370/300 ms)
was scanned using a linear field gradient in the right/left direction to
induce a spatially-varying precession frequency. The same sequence
parameters were used as in Fig. 7. Cross-sectional profiles are plot-
ted in the right column along with the simulated spectral profiles
(dot-dash line). The measured pdSSFP profiles agree very well with
theory, having signal nulls located at the water and fat resonances
and sharp peaks in between. The measured TR-summed profile also
agrees well with theory, having a central lobe that is essentially identi-
cal to that of the standard bSSFP profile. [Color figure can be viewed
in the online issue, which is available at wileyonlinelibrary.com.]
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FIG. 9. An agar gel phantom (T1/T2 = 265/30 ms) containing four regions doped with SPIO nanoparticles was scanned at 1.5 T with
(a) GRE, (b) TR-summed, (c) α-pdSSFP, (d) φ-pdSSFP, and (e) TR-pdSSFP pulse sequences. The SPIO concentrations are marked on the
GRE image in µg/mL. Additionally, an oil phantom was simultaneously imaged to assess the fat suppression of the pdSSFP sequences.
The TR-summed sequence produces an image with contrast similar to bSSFP. The characteristic bSSFP banding artifacts, due to field
inhomogeneities, are visible at the top and bottom of the agar gel phantom and within the oil phantom. The α-pdSSFP and φ-pdSSFP
sequences produce very similar positive-contrast images containing very good water and fat background suppression as well as regions of
positive contrast surrounding the 200, 400, and 800 µg/mL SPIO wells. The TR-pdSSFP sequence results in slightly poorer fat suppression,
and the areas of positive contrast are located closer to the SPIO regions and are only visible around the 400 and 800 µg/mL SPIO wells.
The bright regions at the top and bottom of the agar gel phantom in (c)–(e) are due to susceptibility shifts from the agar-air interface, which
is perpendicular to B0 in these locations.

image contains hypointense signal from the four regions
doped with SPIO nanoparticles, and each region is labeled
with the corresponding nanoparticle concentration. The
α-pdSSFP and φ-pdSSFP images both show good sup-
pression of water and fat background signal, with bright
regions of positive contrast visible around the 200, 400, and
800 µg/mL SPIO wells. Although the TR-pdSSFP sequence
lacks a signal null on the water resonance, the suppression
of water background signal in Fig. 9e is not significantly
inferior to that of α-pdSSFP or φ-pdSSFP. The fat sup-
pression of the TR-pdSSFP sequence is poorer because
the spectral profile has a narrower null on the fat reso-
nance, making the fat suppression more susceptible to field
inhomogeneities. The regions of positive contrast are only
visible around the 400 and 800 µg/mL SPIO wells, which
can be attributed to the fact that the first off-resonant peak of
the TR-pdSSFP profile is centered at a higher off-resonant
frequency than α-pdSSFP and φ-pdSSFP. The TR-perturbed
summed image has contrast similar to a standard bSSFP
sequence. Note that the thin bands of positive contrast at
the bottom and top of the agar gel phantom in Fig. 9c–e
are due to the susceptibility differences caused by the
phantom-air interface. Likewise, the dark bands visible in
similar locations in Fig. 9b are bSSFP-like banding artifacts
caused by these susceptibility differences. The B0 field was

perpendicular to these signal bands, oriented vertically in
these images.

DISCUSSION

We have presented algebraic and geometric explanations
of the central signal singularity phenomenon, which were
used to show that the critical frequencies are located at
singularities in the steady-state signal equation. At these
frequencies, small perturbations of the SSFP parameters
can yield very large deviations in the spectral profile. If
sequence parameters are symmetric, as in the case of bSSFP,
the system matrix R is typically symmetric at these critical
frequencies, having three real eigenvalues, with one dom-
inant eigenvalue that is closest to 1. For these sequences,
the steady-state magnetization continues to track the dom-
inant eigenvector at these critical frequencies, resulting in
a smooth spectral profile. When parameter perturbations
are introduced, R is no longer symmetric at these critical
frequencies and typically contains two complex eigen-
values that are dominant. The steady-state magnetization
no longer tracks the real eigenvector at these frequencies,
resulting in a sharp deviation in the spectral profile.

Though we illustrated the eigendecomposition and geo-
metric analysis techniques using a specific α-perturbed
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SSFP sequence, these methods can be used in the analy-
sis and design of any balanced steady-state sequence. By
finding the critical frequencies of a steady-state sequence,
the potential locations of spectral perturbations can be iso-
lated. The sequence parameters (α, φ, TR) can then be
modified to enhance or reduce the spectral perturbations
at these critical frequencies, depending on the desired
application.

Using the theory and explanation of the central signal
singularity, we developed the pdSSFP pulse sequences and
demonstrated their application to positive-contrast imag-
ing. As shown in Fig. 7, the α- and φ-pdSSFP sequences
have nearly identical spectral profiles, containing high-
amplitude spectral peaks with signal nulls on the water and
fat resonances. The effects of these features are visible in
Fig. 9c, d, which have good water and fat background sup-
pression and positive contrast surrounding the 200, 400,
and 800 µg/mL SPIO regions. In practice, the φ-pdSSFP
sequence could be a preferred approach since the RF phase
can typically be controlled more precisely than flip angle
on MR scanners. However, both sequences are robust to
B1 inhomogeneities since they depend only on the rela-
tive flip-angle or phase difference between even and odd
excitations.

The spectral peak of the TR-pdSSFP sequence is centered
closer to the fat resonance, which results in reduced fat sup-
pression as well as reduced positive contrast from smaller
concentrations of SPIO nanoparticles that induce smaller
field inhomogeneities. The TR-pdSSFP sequence also lacks
a signal null at the water resonance, but this deficiency
did not lead to significantly inferior water suppression
in Fig. 9e. In fact, the broad stopband around the water
resonance could yield more robust water background sup-
pression in the presence of field inhomogeneities. A unique
feature of the TR-perturbed sequence is the ability to simul-
taneously generate positive-contrast images (by subtracting
the even and odd echoes) and bSSFP-like images (by sum-
ming the even and odd echoes). The spectral profile of the
TR-summed sequence contains a central lobe that is very
similar to bSSFP, however, the longer TR of 6.9 ms and
the central signal singularities at higher critical frequen-
cies will lead to additional banding compared to a standard
bSSFP acquisition (Fig. 9b).

Similar to other steady-state techniques, the pdSSFP
sequences have the advantages of high SNR efficiency
and the potential for high-resolution, fast 3D imaging.
Due to the interleaved acquisition technique, we expect
the pdSSFP sequences to be more immune to motion
effects than sequential subtraction techniques. Similar to
other steady-state positive-contrast sequences, a drawback
of pdSSFP is that positive contrast is generated via off-
resonant excitation. This requires sufficiently high concen-
trations of SPIO nanoparticles to yield a frequency offset
that will generate positive contrast. Furthermore, regions
of considerable field inhomogeneity or abrupt changes
in susceptibility can result in unwanted positive con-
trast, which can reduce the specificity of the sequences
to SPIO-labeled regions. The pdSSFP sequences have
higher specific absorption rates (SAR) than low-flip-angle
positive-contrast techniques (19,22), but the flip angles
are not excessively large, resulting in SAR levels that are
comparable to typical bSSFP sequences.

We demonstrated an application of the central signal sin-
gularity phenomenon for positive-contrast imaging of SPIO
nanoparticles. This particular application was chosen to
demonstrate the features and capabilities of this imaging
technique, but by no means is this the only application of
the central signal singularity phenomenon. Other potential
applications of the pdSSFP sequence include those that
require spectrally-selective acquisition of a narrow band of
off-resonant frequencies, such as MR spectroscopy, as well
as off-resonance angiography (26), transition-band SSFP
fMRI (27,28), and other applications similar to those of
low-flip-angle bSSFP.

CONCLUSION

The central signal singularity phenomenon has been ana-
lyzed via a linear systems eigendecomposition technique
and a geometric magnetization trajectory technique. The
large spectral profile deviations resulting from perturba-
tions of bSSFP parameters were shown to coincide with
singularities in the steady-state signal equation. The phe-
nomenon was used to create a perturbed differenced
SSFP sequence, and this sequence was demonstrated for
positive-contrast-imaging applications. Simulations, spec-
tral measurements, and agar gel SPIO phantom scans
were carried out for α-pdSSFP, φ-pdSSFP, and TR-pdSSFP
sequences. The pdSSFP sequences achieve simultaneous
suppression of water and fat background signal as well
as positive contrast from off-resonant spins. Additionally,
the TR-pdSSFP sequence is capable of producing both
positive-contrast images and anatomic images by differenc-
ing or summing the even and odd echoes.
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