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Abstract— Although MRI reconstruction requires a
dealiasing transformation from undersampled to fully-
sampled data, task-agnostic diffusion priors sample im-
ages via a denoising-based generative trajectory from
an asymptotic start-point of Gaussian noise onto fully-
sampled data. Since aliasing artifacts in MR images carry
spatial structure deviating from Gaussian noise, this noise-
governed trajectory can cause suboptimal artifact sup-
pression. To address this limitation, we introduce the first
Fourier-constrained diffusion bridge (FDB) for MRI recon-
struction in the literature. Unlike task-agnostic diffusion
priors, FDB does not rely on noise in its forward process
and instead learns a dealiasing transformation between a
start-point of undersampled data and the end-point of fully-
sampled data. The start-point is derived via a stochastic
Fourier-constrained degradation operator that removes a
progressively growing set of spatial frequencies. Unlike
cold/soft diffusion priors that use an asymptotic start-point
of severely degraded measurements, FDB uses a realisti-
cally undersampled start-point to ensure closer alignment
of model input between training and test distributions.
Unlike existing diffusion bridges that use degradations
based on weighted linear averages and noise addition, FDB
implements degradations based on binary removal of com-
pact k-space sets to conform to the physics of accelerated
MRI. To further improve image quality, FDB leverages a
novel sampling algorithm based on progressive dealiasing
by continually correcting recovered k-space data across
reverse diffusion steps. Demonstrations on brain MRl show
that FDB outperforms competing methods by 4.5dB PSNR
and 8.3% SSIM in within-domain and by 4.7dB PSNR and
16.4% SSIM in cross-domain reconstructions.

Index Terms— diffusion, bridge, generative, deep learn-
ing, MRI, reconstruction

[. INTRODUCTION

MRI is a diagnostic powerhouse with exceptional soft-tissue
contrast that suffers from long scan times. Acceleration via
undersampled acquisitions helps lower operational costs and
susceptibility to patient motion, albeit an ill-posed inverse
problem must be solved to reconstruct images with the aid
of image priors that improve problem conditioning [1], [2].
Given their high sensitivity, image priors based on deep
learning have become pervasive in MRI reconstruction over
the years [3]-[9]. A prevalent framework in this domain
employs task-specific priors that are directly trained to perform
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reconstruction, i.e., the priors capture a dealiasing transfor-
mation that maps undersampled to fully-sampled data [10]-
[14]. The dealiasing transformation is typically mediated by a
conditional model that receives a least-squares reconstruction
of undersampled data as input, and that aims to output an
image that would be consistent with fully-sampled data [15]-
[27]. While these task-specific priors have been pervasive in
the MRI reconstruction literature, they typically have limited
representational capacity for detailed structural features [28]—
[30], which in turn can compromise image fidelity [31]-[35].

Task-agnostic diffusion priors: An alternative framework
that promises improved image fidelity trains task-agnostic
priors to perform non-reconstruction tasks such as image gen-
eration [36], [37]. These priors use generative models to learn
the distribution of fully-sampled data divorced from the MR
imaging operator (i.e., decoupled from the influence of coil
sensitivities and sampling patterns) [38]-[43]. Of particular
promise, common diffusion priors employ a denoising-based
generative trajectory to map pure Gaussian noise devoid of
MRI signals as the asymptotic start-point onto fully-sampled
data as the end-point (Fig. 1a). This transformation is mediated
via a network-based recovery operator that receives a noisy
image sample at a given time step and produces a less
noisy sample as output [44]-[48]. To enable reconstruction of
undersampled data, unconditional variants typically interleave
denoising-based diffusion steps with data-consistency projec-
tions via the MR imaging operator during inference, which of-
ten provide only weak guidance toward the acquired data [49],
[50]. In conditional variants, the recovery operator is instead
trained to gradually recover less noisy samples starting from
noise while also receiving undersampled measurements (e.g.,
zero-filled Fourier reconstruction of undersampled data) as a
static input [51]-[55]. In both cases, the diffusion model acts
as a generative prior within a posterior sampling framework,
while the underlying generative trajectory remains governed
by Gaussian-noise degradations rather than by the physics of
k-space undersampling [49], [50].

Since the diffusion process in task-agnostic diffusion pri-
ors remains driven by Gaussian noise, MRI reconstruction
involves inference dynamics that combine two distinct trans-
formations [56], [57]: (i) the task-irrelevant denoising transfor-
mation induced by the reverse diffusion process, and (ii) the
task-relevant dealiasing transformation induced by consistency
with the acquired data. Because the structural characteristics
of Gaussian noise and aliasing artifacts differ substantially for
many undersampling patterns, these objectives often compete
rather than complement one another [1]. In turn, inference
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can converge to solutions that only partially satisfy either
data-consistency or fidelity to the clean MR image manifold,
limiting reconstruction quality in task-agnostic diffusion priors
[58]-[61].

Cold/soft diffusion priors: To improve performance in solu-
tion of inverse problems by increasing task relevance, several
recent computer vision studies have considered cold or soft
diffusion priors [62], [63]. Commonly, these methods train a
prior to progressively map images degraded due to a known
imaging operator (e.g., a large blur kernel) onto clean images
reflecting ground truth. To derive intermediate samples during
forward diffusion, cold diffusion priors granularize degrada-
tions from the imaging operator into multiple steps (e.g., a
set of compact blur kernels), whereas soft diffusion priors use
hybrid operators that combine such degradation with additive
Gaussian noise [64]. However, similar to task-agnostic diffu-
sion priors, cold/soft diffusion priors are formulated as general
generative priors that recover images from heavily-degraded
and hence weakly-informative start-points (Fig. 1b; 100-fold
undersampled data for cold diffusion, pure Gaussian noise for
soft diffusion). This results in a notable mismatch between the
degradation level assumed by the prior (i.e., the distribution
of images at the near-information-depleted start-point) versus
the degradation level of actual MRI measurements (i.e., the
distribution of measured images). Note that accelerated MRI
exams yield diminishing returns beyond moderate undersam-
pling rates, with sharply declining image quality and saturation
in scan-time savings [65]. Consequently, many studies focus
on moderate accelerations (e.g., R=2-16) to attain a practical
balance between scan efficiency and image fidelity [66]. As
cold diffusion priors are optimized for image recovery from
heavily degraded inputs (e.g., R>100), their effectiveness
is inherently constrained when reconstructing images from
data acquired at these moderate ranges commonly used in
MRI. As such, cold/soft diffusion priors can face elevated
difficulty in reverse diffusion sampling [67], and suffer from
suboptimal performance [62], [63]. Indeed, a recent study on
MRI reconstruction suggests that cold diffusion priors may
not offer benefits in image quality over task-agnostic diffusion
priors [68].

Diffusion bridges: Diffusion bridges (DB) offer an alterna-
tive approach to improve task relevance by employing a finite
start-point of realistically degraded images as their model input
[69]-[72]. With degradation levels closely mimicking those
prescribed for actual measurements, this approach delimits
gross variability in the distribution of model inputs between
training and test sets [69]. Existing diffusion bridges perform
forward diffusion via linear-averaging degradation operators,
which express intermediate image samples in the diffusion
process as a noise-added linear average of degraded and
clean images weighted according to time step [71], [72] (Fig.
1c). However, for MRI reconstruction tasks, additive noise
in intermediate samples would force the recovery operator to
partly learn a denoising transformation that restricts the task
relevance of the diffusion prior. Moreover, linear averaging of
undersampled and fully-sampled data would result in non-zero
intensity across the entire k-space for all intermediate image
samples, which is discrepant with the nature of accelerated

MRI acquisitions that exercise binary selection of removed
k-space points [1]. The recovery operator must then learn
to gradually amplify the entire set of unacquired k-space
points at each reverse diffusion step, which might be prone to
sampling inaccuracies. Thus, existing diffusion bridges might
have limited utility for performant MRI reconstruction.
Proposed method: Here, we introduce a novel Fourier-
constrained diffusion bridge (FDB) for improved performance
in MRI reconstruction (Fig. 2). To enhance task relevance
of the diffusion prior, FDB avoids noise corruption in its
forward process to instead learn a dealiasing transformation
that maps between undersampled and fully-sampled data.
Unlike task-agnostic or cold/soft diffusion priors based on
an asymptotic start-point of severely degraded images, FDB
is formulated as a diffusion bridge that explicitly models
conditional transport between moderately undersampled and
fully-sampled MRI data, rather than synthesizing images from
a near-information-depleted boundary condition. The realistic
level of undersampling at the start-point ensures a rudimentary
alignment between the dealiasing transformations performed
by the recovery operator and required for MRI reconstruction.
While soft diffusion priors rely on noise addition, FDB solely
leverages undersampling degradations to enhance relevance
for MRI reconstruction. To devise a diffusion process that
is consistent with the physics of k-space undersampling in
accelerated MRI, FDB leverages a novel Fourier-constrained
degradation operator that removes a distinct set of spatial fre-
quencies per forward diffusion step, thus gradually increasing
the undersampling level across timesteps. In the absence of
noise addition, the removed frequencies are selected randomly
across timesteps and across the training set to attain a degree of
stochasticity, which is postulated to be essential for diffusion
modeling [73]. Unlike conventional diffusion bridges based
on linear-averaging degradation operators, FDB’s degradation
operator attains improved task relevance by respecting the
binary k-space point selection in accelerated MRI acquisitions
and avoiding additive noise; and its recovery operator imputes
a compact set of k-space points at each reverse diffusion step
to facilitate reverse diffusion sampling. To further improve
reconstruction performance during inference, we introduce
a novel sampling algorithm for FDB based on a learned
correction term. Unlike generic predictor-corrector schemes,
the proposed algorithm enables progressive dealiasing across
reverse diffusion steps to continually update estimates of
recovered k-space points. Comprehensive demonstrations on
brain MRI datasets indicate the superior performance of FDB
against previous non-diffusion and diffusion priors. Code for
FDB is available at https://github.com/icon-1lab/FDB.

Contributions:

o To our knowledge, FDB is the first diffusion bridge for
accelerated MRI reconstruction in the literature.

o FDB leverages a novel stochastic, Fourier-constrained
degradation operator based on random spatial-frequency
removal to map the end-point of fully-sampled data onto
the finite start-point of realistically undersampled data.

o For enhanced reconstruction, FDB leverages a novel
sampling algorithm with a learned correction term to
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Fig. 1: Tlustration of diffusion processes employed by a) task-agnostic diffusion priors, b) cold diffusion priors, ¢) soft diffusion priors, and d) conventional
diffusion bridges. xo is the clean image at the end-point, and z is the degraded image at the start-point.

achieve progressive dealiasing across reverse steps.

o Analytical derivations are provided for the optimal
scheduling of the proposed correction term across reverse
steps to maximize reconstruction performance.

[1. RELATED WORK
A. Task-agnostic Diffusion Priors

Task-agnostic diffusion priors show high representational
capacity for MR images, enabled via a stochastic process
that gradually transforms between Gaussian noise and fully-
sampled data [44], [49], [50], [73]. While promising results
have been reported in MRI reconstruction [47], [51], [52],
such priors sample the asymptotic start-point of the diffusion
process from a white Gaussian noise distribution, and produce
images via a denoising-based generative trajectory [73]. How-
ever, since this trajectory is governed by noise statistics rather
than aliasing structure and can be weakly aligned with the
dealiasing-driven trajectory required for MRI reconstruction,
task-agnostic diffusion priors may suffer from limited task
relevance [59], [60].

Several recent studies have focused on improving the ef-
fectiveness of task-agnostic diffusion priors in MRI recon-
struction. For additional guidance, the recovery operator in
conditional variants progressively denoises the pure Gaussian
noise image at the start-point while receiving the undersampled
measurements as a separate, static input [51], [52]. However,
as the diffusion process remains governed by Gaussian-noise

degradations, inference must still reconcile denoising trans-
formations induced by reverse diffusion steps with dealias-
ing transformations induced by measurement guidance. Since
the characteristics of Gaussian noise and aliasing artifacts
differ for many practical undersampling patterns, these two
transformations can diverge across time steps in the diffusion
process, resulting in under- or over-emphasis of conditional
guidance and suboptimal recovery performance [69], [74]. In
contrast, FDB employs a degradation operator that explicitly
removes spatial frequency components without introducing
noise corruption. This design ensures that the recovery oper-
ator performs targeted dealiasing rather than balancing com-
peting transformations, enabling FDB to learn a prior directly
optimized for MRI reconstruction.

Constraining the denoising diffusion process to high fre-
quencies, HFS-SDE first high-pass filters white Gaussian noise
and then adds this noise to clean MR images [46]. Impor-
tantly, this process does not selectively discard any frequency
components of the MR images; rather, it superimposes high-
frequency noise across the entire image while preserving the
underlying image content. As a result, the forward degrada-
tions produce a noise-contaminated image, which differs from
practical accelerated MRI acquisitions that generate aliasing-
corrupted images. Consequently, HFS-SDE’s starting point
does not directly reflect the physical acquisition process of
undersampled MR data. In contrast, FDB avoids additive
noise altogether, and instead employs realistic undersampling
degradations that induce variable-density sampling across k-
space. Note that FDB’s degradation strategy elicits a start-
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Fourier-Constrained Diffusion Bridge

a) Forward

Fig. 2: a) FDB’s degradation operator maps the clean image (zo = F~!(X() where X denotes the Fourier transform of z) onto the finite start-point if
the least-squares reconstruction of R’-fold undersampled data (sz =F (X f) where XTf denotes the Fourier transform of xzp f). The recovery operator
performs purely task-relevant dealiasing transformations. b) To reconstruct an R-fold undersampled acquisition y, sampling is initiated with x7, = AHy,

where A denotes the Hermitian adjoint of the imaging operator A, and T} = [Ty

point that is an aliasing-corrupted image with a k-space
sampling density more closely aligned with accelerated MRI
acquisitions, and this alignment facilitates image recovery
during reverse diffusion.

B. Cold Diffusion Priors

Another study has proposed a cold diffusion prior, CD-
iffMR, for single-coil MRI reconstruction [68]. While both
FDB and CDiffMR employ undersampling-based degradation
operators, key differences exist in the design of their diffu-
sion processes. First, as a cold diffusion prior, CDiffMR is
formulated as a generative prior that synthesizes images from
a heavily-degraded start-point (i.e., ~100-fold undersampled
data), yielding a weakly-informative boundary condition for
its diffusion process. At inference, the diffusion process is
initialized at an intermediate timestep corresponding to the
prescribed undersampling rate (e.g., R=4). Since CDiffMR’s
prior is trained for recovery from substantially more degraded
inputs, its effectiveness can be limited when recovery relies
on a short temporal segment of the diffusion process [68]. In
contrast, FDB is formulated as a diffusion bridge between two
informative boundary conditions due to its finite start-point
at a realistic degradation level, minimizing mismatch between
training and inference, enabling more effective temporal use of
the diffusion process, and thereby facilitating image recovery
during reverse diffusion sampling.

Second, CDiffMR applies 1D undersampling with un-
ordered removal of entire k-space lines, whereas FDB employs
2D undersampling with a gradually scheduled peripheral-to-
central ordering for k-space point removal. This design choice

(R—1)R’
(Rul)RJ‘

directly impacts the granularization of the degradation path.
To achieve the same nominal acceleration, 1D masks have
to eliminate a greater portion of low-frequency components,
discarding k-space data that carry higher signal energy and are
essential for stable recovery [1]. As a result, each diffusion
step in CDiffMR removes a relatively large fraction of k-
space support, yielding a coarse degradation trajectory that
is challenging to invert. By contrast, FDB’s 2D peripheral-to-
central masks progressively prune high-frequency components
while retaining denser coverage of low frequencies throughout
the diffusion process. This enables a finer-grained degradation
path, in which each reverse diffusion step corresponds to a
more tractable recovery problem. As a result, FDB’s start-
point preserves a larger share of the underlying image energy
available in fully-sampled data, providing more informative
initial conditions and more stable recovery during reverse
diffusion.

Finally, unlike generic correction loops that ignore mask
evolution, the CCS algorithm is explicitly coupled to FDB’s
non-revisiting frequency-domain degradation path, using the
evolution of sampling masks and k-space energy across
timesteps for selective refinement of imputed k-space points.

C. Soft Diffusion Priors

An alternative for solving inverse problems in computer
vision is soft diffusion priors, which generalize score-matching
to accommodate hybrid operators that combine known deter-
ministic degradations (e.g., blur, downsampling) with addi-
tive Gaussian noise [63]. While promising for natural image
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restoration, existing soft diffusion formulations do not explic-
itly prescribe how to schedule k-space undersampling degra-
dations across timesteps during forward diffusion, nor how to
perform error correction on imputed frequency components
during reverse diffusion in the context of accelerated MRI.
Moreover, soft diffusion is formulated as a general generative
prior that synthesizes images starting from an information-
depleted boundary condition of pure Gaussian noise. When
adopted for MRI reconstruction, a soft diffusion prior would
simultaneously add noise and apply k-space undersampling
in its forward process, causing the recovery operator to learn
a joint denoising—dealiasing transformation with limited task
specificity. Furthermore, soft diffusion employs aggressive
noise degradation levels such that the start-point converges
onto pure Gaussian noise devoid of MRI signals, as in task-
agnostic diffusion priors. In turn, this mismatch causes the
data distribution to diverge notably from that of undersampled
MRI data, limiting the ability of soft diffusion to improve task
relevance for MRI reconstruction.

To enhance reconstruction performance, the proposed FDB
model is instead formulated as a diffusion bridge between
moderately undersampled and fully-sampled data, employ-
ing a noise-free, frequency-domain degradation operator that
explicitly represents MRI undersampling. This ensures that
the recovery operator directly learns a dealiasing transfor-
mation and that the diffusion process remains aligned with
the physics of MRI reconstruction. FDB also prescribes a
peripheral-to-central ordering for k-space point removal and
realistic degradation levels at the start-point of the diffusion
process, together producing a physically meaningful progres-
sion of degradations that mimics the energy distribution of
MRI spectra and ensures closer alignment between training
and test distributions. Moreover, FDB introduces the CCS
algorithm, explicitly coupled to its non-revisiting frequency-
domain degradation path, enabling selective refinement of
previously imputed k-space points guided by the evolution
of sampling masks and k-space energy levels, beyond what
generic predictor-corrector loops can achieve. This restores
the iterative refinement behavior innate to diffusion models in
the context of undersampling degradations. Collectively, these
design elements render FDB better attuned to the physics and
inference demands of MRI reconstruction.

D. Diffusion Bridges

Another emergent alternative in computer vision is diffusion
bridges that learn transformations between two arbitrary dis-
tributions [69]. Conventional DBs derive intermediate samples
via linear averaging of start- and end-points, followed by
Gaussian noise addition [71], [72]. This design limits task
relevance by forcing the bridge to learn an auxiliary denoising
transformation. Moreover, when adopted for MRI reconstruc-
tion, linear averaging across the diffusion process would force
the bridge to recover the entire set of k-space points at
each step, elevating sampling inaccuracies. In contrast, FDB’s
recovery operator learns to impute a compact set of k-space
points at each reverse step, significantly facilitating diffusion
sampling compared to conventional DBs.

[1l. THEORY
A. Fourier-Constrained Diffusion Bridges

MRI reconstruction aims to recover a high-quality MR
image x given undersampled k-space acquisition y, linked via
an imaging operator A=MF(C) (M: sampling pattern, F:
Fourier encoding, C' coil sensitivities). To learn this task, FDB
constructs a novel diffusion process based on binary removal-
recovery of spatial-frequency components in MR images,
mapping between a start-point zr, at timestep Ty taken as a
coil-combined image undersampled at a rate R’, and an end-
point zg = CHF~1(ys,) (H: Hermitian adjoint) taken as a
coil-combined image derived from fully-sampled acquisitions
(Fig. 2). FDB’s degradation operator exercises binary removal
of a compact set of frequency components in each step, as this
facilitates reverse diffusion sampling via gradual imputation of
a small set of unacquired k-space points. FDB further utilizes
a realistic degradation level R’ to attain a closer alignment
between the distribution of the model input in training versus
test sets, and thereby improve learning of its recovery operator.

In this section, the formulation of FDB’s degradation and
recovery operators are detailed. FDB is an image-domain
diffusion model that expresses the intermediate samples across
time steps in image domain. Yet, in the forward direction,
the degradation operator is implemented by visiting Fourier
domain for frequency removal via multiplication with binary
matrices, and returning to image domain to obtain respective
image samples. In the reverse direction, the recovery operator
is implemented exclusively in image domain to avoid potential
biases due to divergent energy levels at low versus high
frequency components in k-space [1]. We derive the training
objective of FDB’s recovery operator based on the interpre-
tation that its forward steps are equivalent to a generalized
diffusion process with linear degradations in image domain
[63]. For the first time in literature, we introduce a continually-
corrected sampling algorithm that incorporates a learned cor-
rection term to mediate progressive image dealiasing across
reverse steps, and we present an analytical derivation of the
optimal scheduling for its weight. Finally, we outline the
inference procedures for MRI reconstruction on test data.

A.1 Novel diffusion process: The proposed FDB framework
introduces a novel diffusion process that is uniquely different
from existing methods: rather than relying on additive noise or
asymptotic start-points, it directly models realistic k-space un-
dersampling in MRI. A key design choice in FDB is the use of
2D undersampling with a peripheral-to-central schedule for k-
space point removal during the forward diffusion process. This
schedule simultaneously induces a variable-density sampling
distribution that decreases toward the periphery of k-space and
enforces a progressive ordering of point removal from higher
to lower frequencies across diffusion steps.

MR images exhibit a Fourier-domain energy distribution
that is heavily concentrated in low frequencies. Undersampling
strategies that remove entire k-space lines, such as 1D masks,
inevitably discard a relatively large number of these low-
frequency coefficients to achieve a given acceleration factor.
The resulting loss of high-energy components amplifies uncer-
tainty in the recovery problem. FDB addresses this limitation
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Fig. 3: Comparison of alternative k-space undersampling strategies for the forward diffusion process of FDB. (a) The log scale intensity distribution of an
example MR image in k-space (Original k-space), and its masked versions with the expected sampling densities based on 1D unordered, 2D unordered, and
the proposed 2D peripheral-to-central sampling strategies. (b) Expectation of the proportion of k-space energy remaining in intermediate image samples across
the diffusion process for 1D unordered, 2D unordered and 2D peripheral-to-central sampling. (b) A single realization of the proportion of energy remaining

in intermediate image samples across the diffusion process.

through 2D masks that can flexibly remove individual k-
space points. By enforcing a peripheral-to-central removal
order, higher-frequency coefficients are pruned first, while
low-to-moderate frequencies—critical for accurate reconstruc-
tion—are preserved. Furthermore, since 2D masks can be
configured to discard fewer k-space points per step (e.g., a
minimum of n = 1) than 1D masks (e.g., a minimum of
n = 256 for a readout with 256 k-space points), they induce a
more gradual degradation over successive timesteps, allowing
for finer discretization of the reverse process and improved
stability during recovery. This combined design maintains
denser coverage of informative frequency bands throughout
the diffusion process, yielding a start-point that retains a
substantially larger proportion of the energy from the fully-
sampled acquisition. The result is a more informative and well-
conditioned initialization for reverse diffusion. Note that this
design can be viewed in analogy to noise variance scheduling
in conventional diffusion priors, where noise degradations
are scheduled to monotonically increase across timesteps,
allowing the model to gradually learn to recover images from
increasingly degraded inputs [44], [75].

To illustrate the motivations for our proposed design, Fig.
3a compares expected k-space coverage for a representative
MR image under 1D unordered, 2D unordered, and 2D
peripheral-to-central sampling at equal undersampling rates.
These coverages were obtained by multiplying the original
k-space data with the expected sampling densities under
each strategy. In general, 2D strategies provide isotropically
improved coverage of low-to-moderate frequencies compared
with 1D sampling. Meanwhile, Fig. 3b shows the expected
timecourse of k-space energy retained across forward diffusion
steps, summarizing the average behavior of each sampling
strategy. Although the expected sampling density is technically
identical for 2D unordered and 2D peripheral-to-central masks,

2D unordered tends to discard a greater portion of lower-
frequency components earlier in the diffusion process, which
notably reduces the remaining energy at ¢ = T'y. Consequently,
2D peripheral-to-central ordering achieves the highest energy
retention consistently across 0 < ¢t < T, providing the most
favorable starting condition for reverse diffusion in terms of
the information available about the clean MR image. Fig.
3c depicts a single realization of the timecourse, illustrating
the variability that arises from the random sampling masks
that would be employed in practice. Note that 1D and 2D
unordered masks both produce abrupt and irregular drops
in retained energy levels, which can destabilize recovery. In
contrast, peripheral-to-central ordering ensures smooth and
gradual evolution of energy levels across timesteps, thereby
stabilizing the reverse diffusion process. Together, these find-
ings indicate that FDB’s 2D peripheral-to-central sampling
provides a more informative initialization and a more stable
trajectory for diffusion-based recovery.

Degradation operator. For a two-dimensional Cartesian
k-space grid with N? frequency components (where N is
the number of grid points along each dimension), let k €
[1 N?] denote linear component index, r(k) € [0 rmax)s
and ¢(k) € [0 2m) denote the k-space radius and angle
of the kth component. In a forward step, the degradation
operator performs frequency removal in Fourier domain via
mul}ipligation with a diagonal frequency-removal matrix A; €
RN"XN" At step t, Ay(k,k)|,cg, = O for n components
in the randomly selected set Sy, and Ay(k,k)[zq, = 1. To
improve the prior via monotonically increasing degradation
across time [70], we observe that components selected at ¢
should not overlap with previously selected components at
{t — 1,..,1}. To minimize the loss of energy as k-space
points are removed, we further encourage a peripheral-to-
central ordering of component selection, consistent with the
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energy distribution of MR data in k-space [1]. We enforce
these selection guidelines via a spatio-temporal point process
over k-space and t:

Si= (b1, kn) + hi ~ UL N for i = (1,..,m),
g S ) >} O

where U is uniform distribution, 7,4, is the maximum k-space
radius, and 7; is a radius threshold scheduled as:

Tt = Tmax — Tmax(1 — VR')(t/T}). 2)
Monotonically lowering #; to promote peripheral-to-central
ordering towards the start-point, this scheduling ensures a

degradation level of R’ at ¢ = T'; assuming that the number of
components removed per step is n = [ N?(R' —1)/(R'Ty)].

Once random removal masks are determined according to
the point process in Eq. 1, the relationship between X, and
Xy in Fourier domain is given as:

t
X, = <H AT> Xo = A Xo, 3)
T=1

where A; € RY *XN* s the cumulative frequency removal
matrix at ¢ (i.e., the product of removal matrices for {t,...,1}),
and X;, Xo € CV *x1 are column-vectorized forms of respec-
tive complex Fourier-domain data. Note that the image-domain
equivalent of the relationship in Eq. 3 can be expressed as:

v =F ' (MiXo) = F (ding(Re) © Xo),  (4)
= F ! (diag(Ay)) ® F 1 (Xo), ©)
= K¢ ® Zo. ©)

In Eq. 4, 2,=F 1 (X}) denotes the image sample at ¢, diag(-)
extracts the diagonal entries of A, as a column vector, and
® is the Kronecker product. In Eq. 5, ® denotes circular
convolution in image domain. In Eq. 6, &, € CN" 1 is the
image-domain kernel that captures the effects of frequency
removal with A, 2o=F ~1(Xj) is the image sample at 0.

Based on linear systems theory, we note that the convolution
operation in Eq. 6 can also be implemented via a matrix
multiplication in image domain [76]:

Ty = DtIo, (7)

where D; € CV**N? is a doubly block circulant matrix (i.e.,
a special case of Toeplitz matrices). To construct D; using the
matrix form of 7, i.e., K € CN*N a set of circulant matrices
bi,....by € CNXN are created from individual rows of K:

Kip Kin Kip
Ko Kiq K3

bi=| ) s ®)
Kin Kin-1 K1

where i € [1 N] denotes row index, and K; . is the ith row
of K. The initial set of matrices are then organized in block

7
circulant form to obtain D;:
b1 by ba
by b1 ... b3
D=1, . ©)
bN bN—l A bl

Recovery operator. FDB’s recovery operator Gg(xy,t)
produces an estimate of x( given the current image sample x
and step ¢. To derive the training objective for Gy (zy,t), we
first observe that Eqs. 6 and 9 are equivalent. This reveals that
the training objective of FDB admits a formal connection to
the framework of generalized diffusion processes (GDP) [63],
with the key distinction that the forward process of FDB given
in Eq. 7 operates solely on stochastic degradations D, driven
by random k-space mask selection, whereas GDP combines
linear degradations with Gaussian noise. For reference, the
forward process for GDP is given by:

xy = Dyzo + 02, (10)
where o, is a scalar that controls the noise variance. The score

matching objective for the process in Eq. 10 is given as [77]:

Lopp = Eia,[llse(xe,t) — Vi logla(ze))IIP], (1)

= ]Etﬂf(o,t) [HS‘Q(zt’ t) - V-’ctlog(Q(xt|x0))||2le)

where t ~U(1,T}), so(x+,t) denotes the network parametriza-

tion of the score function, and the equivalence between Egs.

11-12 up to a universal additive constant has been proven

in the literature, including cases with o, = 0 [63], [78].

Setting sg(2¢,t) = (D¢Gy(w¢,t) — x¢)/0? and noting that

q(x¢|xo) = N(Dyxg,021) as in [63], the objective in Eq. 12
becomes:

Lapp = Et o, [ De(Golr, t) — o) |12 /0. (13)

Note that for a noise-free degradation setting (o; = ¢, with
a constant € — 0) and with D, derived based on Eq. 9, Eq. 13
can be adapted to formulate FDB’s training objective, while
FDB’s forward process remains as x; = Dyxg in Eq. 7:

Leps = Er o, [|De(Golze,t) — x0)[? /€], (14)

= Er g0 ID:(Go(a,t) — )Pl (15)

Further noting that A; is diagonal with maximum eigenvalue

1, and F~1, F are orthonormal transformations, we can make
the following observation for the degradation operator:

IDell = IF 7 AF | < IFHIANFII =1 (16)

Given that | Dy(Go(-) —zo)|| < || De||||(Go(-) —x0)||, FDB can
therefore be trained via a simplified upper-bound loss:

Lyps = Erag,, [[(Golr,t) — o)), a7

A.2 Novel sampling algorithm: Based on the theory of diffu-
sion models, the discrete process in Eq. 10 can be expressed
as the solution of the following stochastic differential equation
(SDE) [77]:

dzy = (Dya) dt + \/ 9% du, (18)
where « denotes a single image sampled from ¢(z), and w

is a standard Wiener process. While this generalized form
includes a noise-driven term, o; = 0 in the case of FDB
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Fig. 4: The weighting parameter w; for the correction term in Eq. 21 was
learned as described in Eq. 32. Results shown for R'=2 (Ty=1000), R'=4
(T'y=1500), and R'=8 (T'y=1750) on the IXI dataset.

reduces the reverse SDE to:

dz; = (Dya) dt, (19)
which can be solved numerically via the Euler-Maruyama
method by approximating continuous derivatives as finite
differences [44]:

Ty —xr = (Di—1 — Dy)a, (20)
where Dy = I. In general, o will be unknown during reverse
sampling, albeit an estimate of zy can be obtained via the
recovery operator as a substitute: o = {Zo(t):=Go (¢, 1)}
[63]. Note that adopting the standard sampling procedure in
Eq. 20 for FDB yields incremental imputation of missing
frequency components between consecutive time steps. Here,
we observe that this imputation performs hard dealiasing by
only recovering n frequencies selected in the set .S, without
altering the value of previously recovered frequencies in the
aggregated set Spr. = UiJ;le Sr. Assuming that a frequency
component k is imputed at step ¢, the recovered value is based
on an imperfect estimate Zo(t;):=Gg(xs,,tr), SO it carries
residual errors. Yet, based on Eq. 20, the value of k& will not
get updated at any other time step during ¢ < t; or ¢ > {j, so
these residual errors cannot be corrected. In turn, the updates
computed based on Eq. 20 cannot leverage the benefits of
iterated Langevin sampling since they deviate from solving
the true SDE that would be obtained when o = xy.

Continually-corrected sampling. To address this fun-
damental limitation, here we propose a novel continually-
corrected sampling algorithm for FDB by incorporating a
correction term that enables progressive dealiasing during
reverse steps. In particular, we continue to check for residual
errors on the previously imputed set of frequencies at each
time step, and update their values to lower errors:

i1 — ¢ = (Dy—1 — Di)a + wiDy(a — x¢), (21)
where w; € [0 1] is a weighting parameter, and the correction
term effectively examines the difference (Zo(t) — x¢) to revise
the values of frequency components imputed in previous
steps {Ty,..,t}. In theory, assuming that Zo(t) is a good
approximation to xg, the correction term does not change the
continuous-time SDE that is solved during reverse diffusion.
This can be observed by setting o = xg for the correction
term in Eq. 21 and noting that z; = D;xy:

(22)
(23)
(24)

wDy(a— ) ~ wDi(xg — x4),
= wt(DtxO — Dtl't),

= wt(xt — l't) =0.

In practice, the correction term can alter the original SDE to a
degree depending on both the accuracy of the approximation
Zo(t) & xg, and the value of w;. To understand the nature of
alterations, we can reorganize the terms in Eq. 21, again using
zy = Dz for simplification:

Tt_1 — T = (Dt—l — Dt)Oé + U}tDtOé — ’LUtDt.Tt,(ZS)

Tt—1 — (1 — wt)act = (thl — Dt(]. — ’l,Ut))OZ. (26)
When w; — 0, Eq. 25 converges to iterated Langevin
sampling based on the original SDE formulation; and when
wy — 1, it starts ignoring the image sample at step ¢ to
give instantaneous updates based on a = Z((t). As we show
in the next subsection, the optimal w, schedule for FDB is
attained by prescribing low w; near step t = T (i.e., start-
point), and high w; near step ¢ = 0 (i.e., end-point). With this
scheduling, the proposed algorithm performs iterated Langevin
sampling near the start-point where Z(t) is a poor estimate
of xy, deemphasizing the correction term. Contrarily, the
algorithm transitions into performing instantaneous estimates
solely based on Z((t) near the end-point where it starts closely
approximating x(, hence emphasizing the correction term.

Analytical derivation of the optimal w;. Compared to
earlier iterations (i.e., near T'y) where the set of recovered
frequencies is compact, the proposed correction becomes more
critical in later iterations as the set grows in size and the
accuracy of Zo(t) increases. Thus, we adopted a learned
schedule for w; to enhance recovery. Observing that x; =
D;xy, Eq. 21 can be rearranged as:

Tt_1 = (Dt—l — Dt)Oé —|— Dt [wta —|— (1 — wt)zt]. (27)
The second term in Eq. 27 sets the values of previously
recovered frequencies in x;_1 to a weighted average of a =
Zo(t) and x;. Assuming Z(t) reasonably approximates xg, w;
can be learned via a regression problem in Fourier domain:

min Boxg, ) [ X —wiXo — (1 —w) X[ @8)

r
Since X' X = (A4 X0)T(A;Xo) = || X¢||%, T is given as:
D =[ X1 |” + wf [ Xoll* + (1 — we)® [ Xel* — 2w, | X1 |12

= 2(1 — wy)[| X |” + 2w (1 — we) | Xe|?, (29)
=w; (| Xoll* = I Xe[1?) — 2wy (|| Xe—1[|* = [ X))
+ ([ Xe—all = 1X:)1%) - (30)

Note that the partial derivative of I' with respect to wy is:

Or /owy = 2wy (| Xol* — [|Xe)1?) — 2 (IIXe-1]1* = 1 Xel|?) -
(3D

Thus, the analytical solution to Eq. 28 can be expressed as:
o B (1 — 1X02)
" Ex, (X2 - [1X0P)
where the numerator and denominator reflect the expected en-
ergy differences between X;_1, X; and X, X;, respectively,
which can be estimated via a simple Monte-Carlo simulation
over the training set. Note that w; takes a maximum value of
1 attained at ¢ = 1. Assuming that k-space energy distribution
of MR images abide by an approximate inverse-power law
(i.e., o< 1/r"), w; should show exponential behavior [79].
Indeed, we find that w, follows an exponential trend rising

(32)
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Fig. 5: Within-domain reconstructions of representative cross-sections from (a) a PD acquisition in IXI at R = 10 and (b) a FLAIR acquisition in fastMRI at
R = 8. Images from competing methods are displayed along with the k-space undersampling mask, zero-filled Fourier reconstruction of undersampled data,
and the reference image computed via Fourier reconstruction of fully-sampled data. Zoom-in windows are included to highlight differences among methods,

and the red box on the reference image marks the zoomed region.

TABLE [|: Within-domain performance on IXI at R = 4 — 10 with 2D
variable-density k-space sampling patterns. Results averaged across Tj, T,
PD contrasts. PSNR (dB) and SSIM (%) listed as meanzstd across the test
set. Boldface marks the top performing method.

R=4 R=6 R=238 R=10

PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM

LORAKS [31.341.7(63.24+4.4129.241.6|57.444.4|27.9+1.3|55.7+4.1|26.3+1.3 |46.7+4.4

PGIUN  |38.542.4|96.940.6|36.4+2.4]97.0£0.8|34.442.4|96.7+0.9(33.4£2.5|96.0%1.1
rGAN 36.61+3.0(85.1£7.1{33.94£2.9|81.44+7.2|32.6+2.9(79.5+£7.3|30.7+£1.8|78.61+8.6
DDPM  (38.042.5(97.610.7|35.742.596.74+1.0{32.942.6|95.4+1.4|31.9£2.6|94.5£1.7

ScoreMRI|37.842.5{97.64+0.8(35.442.5/96.7+1.1|32.6+2.595.6+1.5|31.44+2.6(94.8+1.7

HFS-SDE (43.24-2.8199.310.8|40.14+2.8|98.740.9(36.3+2.8|97.7+1.1|35.1£2.9|96.9+1.2

CDiffMR |32.442.4|86.0+2.2|30.3£2.3|82.442.6(29.3+2.4|80.7+2.6(27.2+2.3|75.4+3.1

Soft-Diff. [38.5£2.3198.14+0.6(36.04+2.4|97.1+£0.9(33.24£2.5|95.84+1.3|32.04+2.6(94.9+1.7

I’SB 30.3£2.6|83.0£2.8|28.842.6(80.643.0(28.24+2.6|79.943.1{26.942.6|76.3+3.5

FDB 43.7£2.9(99.3+0.9|40.84-2.8|98.8+0.9 36.9+2.6|97.8+1.0|36.1+-2.7 |97.3£1.3

TABLE II: Within-domain performance on fastMRI at R = 4 — 10 with 2D
variable-density patterns. Results averaged across Tj, T, FLAIR contrasts.

R=4 R=6 R=38 R=10

PSNR | SSIM | PSNR | SSIM | PSNR | SSIM | PSNR SSIM

LORAKS [35.242.4|92.045.7|33.5+2.390.5+6.1{32.34+2.3|89.5+6.3[31.5+2.3|88.6+6.4

PGIUN  |35.742.3|93.744.5|34.3£2.2|91.8£5.1|33.74£2.2|190.945.5(33.1£2.3|90.0£5.8
rGAN 35.942.8|93.1£4.7|33.942.6|90.74£5.5(32.942.890.14+5.9(31.14+3.1|88.1+6.4
DDPM  |36.142.3|93.744.6|34.842.3]92.2+5.2|34.0+2.3|91.1+5.6(33.4£2.2|90.1£5.8

ScoreMRI|35.6+2.2|193.44+4.0|34.34+2.2(91.844.7|33.54+2.2{90.54+5.0{33.14+2.2{89.94+5.9

HFS-SDE |36.342.1|92.944.1|33.9+1.8(89.0£4.7|32.24+1.7|85.1+5.2(30.6+£1.8 |81.1£6.2

CDiffMR |31.442.7|80.5+7.4|31.24£2.4|79.1£7.2|31.24+2.3|78.5+8.1(31.1£2.2|81.3£7.1

Soft-Diff. [36.3£2.6{91.146.3{34.942.3|89.9+6.4|34.1+£2.1|89.24+6.4|33.64+2.0(88.7+6.2

I’SB 28.442.1|75.7£4.5(26.9£2.1|72.6+4.8|26.242.1(70.9+£5.0|25.7£2.1|69.94+5.0

FDB 37.442.5(94.31+4.5|35.94-2.4|92.71+5.2|35.0+-2.4|91.5+5.6|34.3£2.3|90.7£5.8

fromt =Ty tot =1

A.3 MRI reconstruction with FDB: Reconstruction is
achieved by interleaving reverse diffusion steps for FDB with
data-consistency projections. The trained prior maps an image
corresponding to R’-fold undersampled data onto a high-
quality MR image corresponding to fully-sampled data in
Ty steps, by recovering n ~ N?(R' — 1)/(R'Ty) frequency
components in each step. Thus, to reconstruct an R-fold under-
sampled acquisition with N?(R — 1)/R missing components,
diffusion sampling must last for 7, = LTng%ll))P;J steps.
As sinusoidal time encoding is used in FDB, sampling can
be extrapolated to a broader time range (i.e., 1. > T¥) to
account R > R’ [80]. Yet, w; is resampled across time to w;
to cover the range [w1 wry,] in T steps. Sampling is initiated
at T, with the least-squares reconstruction of undersampled
data, z7, = AH y [58]. To maintain stochasticity, here we

employ independent random instances of D; during testing
versus training. The mappings at step ¢ are expressed as:

&1 = &4 + (De—1 — Dy)To(t) + we De(Zo(t) — x¢), (33)
Tp1 =21 + AH(?J — Ay_q). (34)

Finally, 2 is taken as the reconstructed image.

IV. METHODS
A. Datasets

Experiments were performed on brain MRI data from IXI!
and fastMRI [81]. Subjects were split into non-overlapping
training, validation, test sets. In IXI, a subject-level split of
(21,15,30) was used, and subjects were selected sequentially
from the dataset. Coil-combined magnitude images for T}, T,
and PD contrasts were analyzed as single-coil acquisitions.
For each contrast in a given subject, 100 axial cross-sections
that contained brain tissue were selected, hence the training
set comprised a total of 6300 cross-sections. In fastMRI, a
subject-level split of (240,60,120) was used. Subjects were
selected sequentially from the dataset, albeit only subjects
whose volumes contained 10 cross-sections and more than 5
coil elements, and did not suffer from poor quality due to
excessive noise were selected. Multi-coil complex k-space data
for T}, T, and FLAIR contrasts were analyzed. The training set
comprised 7200 cross-sections. Geometric compression was
used to derive S virtual coils that preserved over 90% of
the data variance [82]. Retrospective undersampling at rates
R = 4 — 10 was used with normal density across the two-
dimensional transverse plane [1]. To construct the imaging
operators, coil sensitivities were estimated using ESPIRIT on
a central calibration region [83]. Volumetric k-space data were
inverse Fourier transformed and split across the readout dimen-
sion, and each cross-section was reconstructed individually.

B. Competing Methods

FDB was demonstrated against nine state-of-the-art methods
from the literature. Network models used two separate input
and output channels to represent real and imaginary compo-
nents. For each method, cross-validation procedures were used
to select the values of key hyperparameters that maximized

Thttps://brain-development.org/ixi-dataset/
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Fig. 6: Cross-domain reconstructions of representative cross-sections. (a) A T; acquisition in fastMRI at R = 8 is shown. Models trained on 2D k-space
sampling patterns were tested on 1D patterns under matched R. (b) A T, acquisition in IXI at R = 8 is shown. Models trained on multi-coil fastMRI
data were tested on single-coil IXI data. Images from competing methods are displayed along with the k-space undersampling mask, zero-filled Fourier
reconstruction of undersampled data, and the reference image computed via Fourier reconstruction of fully-sampled data. Zoom-in windows are included to
highlight differences among methods, and the red box on the reference image marks the zoomed region.

R=4 R=6 R=38
TABLE mn PSNR | SSIM | PSNR | SSIM | PSNR | SSIM
Performance  |LORAKS |24.310.9|42.042.6|22.5+0.7|37.042.5|21.3+0.7|34.242.7
for models |PGIUN  [32.0£2.6[95.9+1.3]29.62.5(91.6:£2.6/27.0+£2.4(89.1+£2.9
trained on [TGAN  [293+2.4[49.146.1]27.242.4[42.746.0[25.842.3[39.2+5.7
2D  variable- [DDPM  [30.14+2.8(94.3+1.9(26.7+2.7(89.6:£3.0(25.142.5|85.543.6
density ScoreMRI|29.8+2.7(94.8+1.8(26.5+2.6[90.8+2.9(25.0+2.5[87.043.5
patterns, tested |HFS-SDE [33.143.0{96.4£1.4(28.643.0(91.8£2.6(25.542.9(85.7£4.0
on 1D pattems [CpifMR [28.6:£2.6|83.742.5|26.241.7| 78.342.5|24.842.5| 74 2£3.6
for_ IXT b IS Difr. [30.502.6|04.522.0|27 842.6|89.102.7|25.242.6| 85.6£4.0
R=4-8 2SB 27.8+2.8(85.0£3.2[26.142.7(81.8+3.9(25.5+2.781.044.2
FDB 34.0-£2.9(96.7-1.2|30.442.8(93.54+2.0(28.1+2.7(89.8+2.7
R=4 R=6 R=38
TABLE V- PSNR | SSIM | PSNR | SSIM | PSNR | SSIM
Performance  |LORAKS |28.142.3|85.35.6|25.9+2.3/80.5+6.2|24.5+2.2| 76.946.5
for models |PGIUN  [30.12.0[89.4+5.5(27.9+1.7[82.3£6.0]26.4=£1.7| 80.6:£6.2
trained on |[TGAN  [29.1+2.9(86.15.3]27.042.7(83.54+6.3|25.44+2.6/ 77.3+6.8
2D  variable- [DDPM  [29.44+2.0(88.845.5(27.441.5|84.1£5.6|25.741.5(80.646.5
density ScoreMRI|29.0+1.8|88.1+5.0/26.7+1.6|83.5:£5.7]25.241.5|79.746.2
patterns, tested [HFS-SDE [24.3+1.2]61.1£4.9(22.641.1(52.6:£4.9(21.64+1.1|47.9£4.9
on 1D patterns [cpifvR [27.142.2]68.749.2]25.7+2.0(63.0£8.5|25.142.1|63.79.7
for fastMRI at (5 fniif 129 9:41.7(84.845.3 28 21 5| 7985426941 5|75.945.6
R=4-8 I>SB 24.3+4.5|68.6+8.8|22.4:£4.9]65.149.3]21.345.2[63.349.5
FDB 30.6::2.2[89.5+6.0(29.0+2.0(85.9+6.927.8+2.082.7+7.3
performance on the validation set. For FDB, these hyper-

parameters included the degradation levels at the start-point
R, and the number of epochs F. Modeling was performed
via PyTorch on an Nvidia RTX 3090. Models were trained
using the Adam optimizer with learning rate n = 10~* and
(51, B2) = (0.5,0.9).

FDB: FDB used the architecture in [73]. T}=1000, E=40
epochs for IXI, £=10 for fastMRI, and R'=2 were used.
LORAKS: A low-rank reconstruction was considered [84].
The k-space neighborhood radius and the rank of the system
matrix were set as (2,6) for IXI, and (2,30) for fastMRI.
PGIUN: A task-specific unrolled prior was considered [85].
E=100 was cross-validated.

rGAN: A task-specific GAN prior was considered [29]. Cross-
validated hyperparameters were £=100, adversarial and pixel-
wise loss weights of (1,100).

DDPM: A task-agnostic diffusion prior was implemented [47],
[73]. Cross-validated hyperparameters were 7'=1000, E=40.
Score-MRI: A score-based diffusion prior was implemented
[50]. Cross-validated hyperparameters were 17=1000, E=40.

HFS-SDE: A score-based high frequency k-space diffusion
prior was implemented [46]. Cross-validated hyperparameters
were T'=1000, £=40 for IXI, £=10 for fastMRI.

CDiffMR: A cold diffusion prior was considered based on an
asymptotic start-point derived via k-space undersampling [68].
Cross-validated hyperparameters were T'=1000, E=40.
Soft-Diffusion: A soft diffusion prior was considered based on
an asymptotic start-point derived via k-space undersampling
and additive Gaussian noise [63]. Cross-validated hyperparam-
eters were 7=1000, £=40.

I’SB: A conventional diffusion bridge with start- and end-
point identical to FDB was considered [69]. Cross-validated
hyperparameters were 7=200, £=40.

C. Analyses

For each dataset, model training was performed on data
aggregated across multiple contrasts (T;, T,, PD in IXI and
Ty, T, FLAIR in fastMRI). No explicit contrast information
was provided during training, and data samples were ran-
domly drawn for the aggregated training set. Task-specific
models were trained for each R separately to maintain high
performance. Meanwhile, task-agnostic models were trained
without knowledge of R. Models were trained and tested
on two-dimensional cross sections. Single-coil reconstructions
were conducted on IXI, and multi-coil reconstructions were
conducted on fastMRI. Reconstruction performance was as-
sessed by quantifying PSNR and SSIM between recovered and
reference images. Reference images were derived via Fourier
reconstruction of fully-sampled acquisitions. Significance of
performance differences among competing methods were as-
sessed via non-parametric Wilcoxon signed-rank tests.

V. RESULTS
A. Comparison Studies

To improve its task relevance for MRI reconstruction,
FDB builds a diffusion bridge that maps between realis-
tically undersampled and fully-sampled data via stochastic
degradation/recovery operators. We reasoned that the benefits
of increased task relevance should be prominent in within-
domain settings, where models are trained and tested on the
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R=4 R=6 R=38 R=4 R=6 R=38
TABLE V: PSNR | SSIM | PSNR | SSIM | PSNR | SSIM TABLE VII: PSNR | SSIM | PSNR | SSIM | PSNR | SSIM
Performance  [LORAKS [23.4:1.4(43.74+4.5(23.0+1.4[435+42|22.14+1.1|48.4+48| Cross-domain [LORAKS |31.34£1.7|63.24+4.429.241.6|57.4+4.4(27.941.3]55.7+4.1
for models [pGIUN  |32.4+£2.3(93.241.4|30.142.6|89.743.0| 27.7+2.4|86.9+2.7| Pperformance PGIUN  |34.242.7(92.941.6(32.84:2.7(92.241.6(31.9+2.8|92.1+1.8
trained oM [ oA T (50349 2(47.045.9|269402.1|42.845.1|25.442.2|38 3452 LT models |/ N [19.9135(25.107.7|19.423.5|24.206.9] 19.243.1|23.516.7
iglsityva”able' DDPM  |30.1-£2.6|89.3+2.7|27.742.8|83.943.5|25.142.6|79.9+4.2 gﬂﬁf_‘ioﬂ Of 'DDPM  |34.8+2.7(93.6+1.4|33.312.6|92.4£1.6/32.242.6|92.0+1.8
patterns, tested |SOCMRI|32.85271932:62.130.2:42.790.44:39|26.842.785 1643 y \RT  data, |SCOTeMRI|31 842.7[86.0-62.6[30.24:2.7/83.42.929 4:£2.8[82.343.1
on 2D Poisson- |HFS-SDE |28.7:£2.9[86.14:2.8|27.0+£2.8[80.5+3.8|24.242.8|76.9442| ;4 tested |HFS-SDE [34.84:2.6|93.6+1.4|33.32.692.441.6]32.1£2.5[92.0+ 1.7
disc  patterns |CDiffMR |23.742.4|67.043.9(23.542.6|65.7+3.9|22.942.5|64.194.2| on  single-coil |CDIffMR |30.6+2.7|82.743.0|28.942.6|79.5+3.3|28.24:2.6| 78 2:4:3.3
for IXI  at |Soft-Diff. |30.54£2.7(90.342.4]27.142.8|84.643.7(25.442.6(80.8+4.0| IXI data at |Soft-Diff. |23.742.2|60.5+5.4]19.7£2.6|53.3£5.4|16.74+2.7[45.3+5.5
R=4-38. 2SB 25442.7(72.7+4.2(249427|72.444 3]24.6+2.7|7224+47] R =4 — 8. I2SB 31.242.5(84.6+2.5/29.742.5(82.54+2.7(28.9+2.6/81.2+2.8
FDB 37.7+2.7(96.7+1.1|33.9+2.793.8+2.5|31.6+2.6[92.0+2.1 FDB 36.0+2.795.4-£1.0(34.14+2.6[93.8-:1.2(32.7+2.7(93.0+1.3
R=4 R=6 R=38 L
PSNR | SSIM | PSNR | SSIM | PSNR | SSIM B. Generalization
TABLE VI IESEJ:KS i‘z‘zi’? :igii iifﬁ; Zzgﬁf i;zfz)z) zgfzz To ensure that the increased task relevance in FDB ob-
E::fornggzels tGAN  [29.742.2(65.2£4.3(26.942.4(57.3+4.1(26.0+£2.153.64+3.8 served in within-domain settings does not come at the cost of
trained  and |[DDPM  |30.142.8943%19]27442.6|88.743.0|25.1025|85.51306 generality, we further evaluated performance under alternative
tested on [ScoreMRI|29.8+2.7|94.8+1.8[26.5+2.6]90.2+2.9[25.0+2.5(87.0+3.5| sampling strategies differing from the proposed design. Under

1D patterns, |HFS-SDE |33.843.2|96.7+1.4|30.6+2.8[92.1-:2.8(26.84-2.9(87.04:3.7

for  IXT  at [CpifvR [27.542.7(81.542.5|24.942.9]76.243.0|23.22.7| 73.1£3.4

R=4-8 Soft-Diff. [30.24£2.4/93.8£1.9(26.542.5|87.943.8|24.84:2.8|84.94+3.7
I>SB 29.4+2.5(88.5+£2.7(28.6+2.7|87.14+3.5|27.942.6|85.8+3.4
FDB 34.0+2.9(96.7£1.2(31.2£2.7|92.44+2.4|28.11+2.7|89.8+2.7

same dataset and sampling density. To assess this prediction,
we compared FDB against a traditional method (LORAKS),
task-specific priors (PGIUN, rGAN), task-agnostic diffusion
priors (DDPM, Score-MRI, HFS-SDE), cold/soft diffusion
priors (CDiffMR, Soft-Diffusion), and a conventional dif-
fusion bridge (I’SB). Note that baseline models originally
proposed with 1D k-space sampling (i.e., CDiffMR, HFS-
SDE) were adapted for training with 2D sampling patterns to
ensure consistency and systematic comparison across methods.
Performance metrics in within-domain settings are listed in
Table I for IXI, and in Table II for fastMRI. Overall, FDB
is the top performer in all tasks and datasets (p<0.05),
except for HFS-SDE that yields comparable SSIM at R=4
on IXI similar to the within-domain settings. On average
across tasks, FDB offers (PSNR, SSIM) improvements of
(6.6dB, 22.4%) over the traditional method, (3.3dB,5.3%)
over task-specific priors, (2.6dB, 1.9%) over task-agnostic dif-
fusion priors, (4.8dB,8.5%) over cold/soft diffusion priors,
(9.8dB, 19.2%) over the diffusion bridge, and (1.6dB,2.7%)
over the second-best method. All methods yield higher per-
formance towards lower R values in both datasets. While the
overall benefits that FDB provides over baselines follow a
moderate inclination towards low R in IXI, the benefits are
generally balanced across R in fastMRI, implying that spatial
encoding from coil arrays can help maintain more consis-
tent performance across R. Representative reconstructions are
depicted in Fig. 5. LORAKS, I°SB and to a lesser degree
CDiffMR, HFS-SDE show noise amplification; DDPM, Score-
MRI, PGIUN show a degree of blur and ringing artifacts;
rGAN, Soft-Diffusion can show visible noise and structural
artifacts. In contrast, FDB yields images with more accurate
depiction of tissue structure along with lower artifacts and
noise. These results suggest that the increased task-relevance
of the diffusion prior captured by FDB elicits superior perfor-
mance in MRI reconstruction.

matching undersampling rate R, we examined cases with
(i) shifts from 2D variable-density to 1D sampling between
training and test sets (Tables III, IV), (ii) shifts from 2D
variable-density to 2D Poisson-disc sampling (Table V), and
(iii) training and testing directly under 1D sampling (Table
VI). FDB achieves the highest performance in all examined
tasks (p<0.05), except for (iii) where HFS-SDE yields sim-
ilar SSIM at R=4. On average, FDB offers (PSNR, SSIM)
improvements of (7.8dB,41.2%) over the traditional method,
(3.0dB, 18.4%) over task-specific priors, (3.9dB, 6.5%) over
task-agnostic diffusion priors, (4.9dB, 12.8%) over cold/soft
diffusion priors, (5.7dB, 14.7%) over the diffusion bridge,
and (2.0dB,2.0%) over the second-best method. We also
examined performance under domain shifts in dataset be-
tween training and test sets. Performance metrics under shifts
from fastMRI to IXI are listed in Table VII. FDB achieves
the highest performance in all examined tasks (p<0.05).
On average, FDB offers (PSNR,SSIM) improvements of
(4.8dB, 35.3%) over the traditional method, (8.0dB,35.7%)
over task-specific priors, (1.8dB, 4.3%) over task-agnostic dif-
fusion priors, (9.6dB,27.5%) over cold/soft diffusion priors,
(4.3dB, 11.3%) over the diffusion bridge, and (0.8dB, 1.4%)
over the second-best method.

All methods yield higher performance towards lower R
values. Yet, in cases exploring alternative sampling strategies,
FDB generally offers more prominent benefits over baselines
towards higher R where the influence of the image prior
used for reconstruction is expected to grow stronger. In case
of shifts in dataset, the substantial improvements that FDB
provides over task-specific and cold/soft diffusion priors, par-
ticularly in SSIM, are primarily driven by rtGAN and Soft-
Diffusion, respectively. We observed via inspection of ground-
truth images in Fourier domain that fastMRI typically has
more broad spread k-space spectra than IXI, hence images
from the two datasets contain discrepant levels of high-
frequency information. Poor performance of rGAN might then
be attributed to the susceptibility of adversarial learning to do-
main shifts in the distribution of high-frequency information.
Note that soft-diffusion priors are devised to perform joint
denoising-dealiasing, attuning the relative emphasis on each
transformation during reverse diffusion based on the energy
levels of noise versus acquired frequency components in
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Fig. 7: Radiological opinion scores for competing methods in two represen-
tative tasks: (a) Within-domain reconstruction in fastMRI at R = 8, (b)
Cross-domain reconstruction for fastMRI — IXI at R = 8. Bar plots show
meanzse of opinion scores across the test set.

Mem. Inf. Time

R=4|R=6|R=8|R=10

TABLE VIII: Memory load LORAKS| 0.1 | 38 | 38 | 38 | 38
(GB) and inference times PGIUN 48 |24 24 |24 | 24
(scconds) of competing 1GAN 26 |01 ]01]01] 01
methods for a cross-section DDPM 3.4 43.7(43.7|43.7| 437
in IXI at R = 4 — 10. ScoreMRI| 3.4 | 827827827 82.7
Across R, memory load HFS-SDE| 3.4 |42.6|42.6 426 42.6
remains the same, whereas CDiffMR | 3.7 |36.2]39.9]42.1| 44.0
inference time can change. Soft-Diff. | 3.4 | 69.7]69.7] 69.7 | 69.7

2SB 10.4 [154.0[154.0[154.0] 154.0

FDB 44 [47.1]51.8]542] 559

undersampled data. Thus, poor performance of Soft-Diffusion
might be attributed to the discrepant k-space spectra of the
two datasets, causing ineffective noise suppression when the
fastMRI-trained prior is tested on IXI, for which noise en-
ergy would be relatively more predominant towards the start-
point. Collectively, these results suggest that FDB captures
a more reliable prior across variations in sampling strategies
and dataset distributions than competing methods, including
diffusion priors.

Representative reconstructions are depicted in Fig. 6. Under
shifts in sampling density, LORAKS, rGAN show resid-
ual aliasing artifacts; PGIUN shows structural inaccuracies;
DDPM, CDiffMR, Score-MRI, HFS-SDE and to a lesser
degree Soft-Diffusion show high-frequency ringing artifacts;
I>SB shows high noise amplification. While competing meth-
ods are able to maintain relatively more reliable performance
under shifts in dataset, LORAKS, rGAN, CDiffMR, 1°SB
suffer from noise amplification as particularly visible in back-
ground regions near tissue signals; DDPM, CDiffMR, HFS-

TABLE [X: Performance of reconstruction models when evaluated with
various samplers. Columns show different model types, rows show different
sampler types, and * marks the native sampler associated with each model.
Experiments were conducted on IXI at R = 8. For each reconstruction model
(i.e., in each column), boldface marks the top performing sampler.

DDPM HFS-SDE FDB
Sampler PSNR SSIM PSNR SSIM PSNR SSIM
EM (*DDPM) | 35.742.5 | 96.74+1.0 | 24.941.7 | 78.24+3.5 | 21.94+1.7 | 74.814.1
DPS 33.14£2.0 | 96.8+1.2 | 26.3+1.8 | 83.843.3 | 22.741.5 | 80.11+4.2
PLMS 329419 (959412 | 24.24+1.7 | 75.14£3.5 | 21.7£1.7 | 71.4+4.0
PC (*HFS-SDE) | 33.0£2.3 | 96.8+£1.0 | 36.3£2.8 | 97.7£1.1 | 34.6+£2.1 | 96.7+0.8
CCS (*FDB) 32.942.3 | 96.8+1.0 | 26.942.1 | 83.04+4.0 | 36.912.6 | 97.81+1.0

SDE show a degree of spatial blur, PGIUN shows loss of
detailed features; Soft-Diffusion can suffer from inaccurate
depiction of anatomy. In comparison, FDB produces more
accurate depiction of tissue structure, and relatively lower
artifacts and noise than baselines. Note that task-specific
priors that experience a training-test mismatch in sampling
density or data distribution yield notable residual artifacts
and noise amplification. While task-agnostic diffusion priors
are relatively more resilient against shifts in dataset, they
can suffer from suboptimal performance under challenging
reconstruction tasks due to 1D sampling density. Meanwhile,
FDB maintains a favorable trade-off between task-relevance
and generalizability. These results suggest that the increased
task-relevance of FDB does not compromise its superiority
against baselines in cross-domain settings.

C. Radiological Evaluation

While quantitative metrics such as PSNR and SSIM provide
valuable objective benchmarks, they do not always align per-
fectly with visual image quality as perceived by radiologists.
Subtle structural features may be visually more discernible
despite only modest metric gains, whereas in other cases,
substantial metric improvements may not translate into ra-
diologically relevant differences. To capture this dimension,
we conducted an observer study in which an expert neuro-
radiologist assessed the similarity of images reconstructed
from undersampled acquisitions to reference images derived
from fully sampled acquisitions. Assessments were conducted
using a 5-point Likert scale (1: lowest score, 5: highest
score), while the observer was blinded to method names.
Evaluations were performed for representative within-domain
(fastMRI at R = 8) and cross-domain (fastMRI — IXI at
R = 8) reconstructions, on a set of 20 randomly selected test
subjects per task. Radiological opinion scores of competing
methods are displayed in Fig. 7. We find that FDB outperforms
all competing methods across tasks (p<0.05). On average,
FDB offers a score of 4.3, against scores of 1.8 for the
traditional method, 3.0 for task-specific priors, 2.9 for task-
agnostic diffusion priors, 2.5 for cold/soft diffusion priors,
1.3 for the conventional diffusion bridge. The relatively lower
scores of competing methods were primarily driven by the
presence of residual artifacts including spatial blurring and
noise amplification in reconstructions. Taken together, these
findings imply that improvements in quantitative performance
metrics enabled by FDB are accompanied by radiologically-
relevant enhancements in image quality.
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TABLE X: Performance of FDB variants trained with R’ = 2—16 (degradation
level during training), and tested for R =4—8 (undersampling rate) on IXI.

TABLE XI: Performance of variants ablating method components on IXI for
R=4-8.

R=4 R=6 R=8
PSNR SSIM PSNR SSIM PSNR SSIM

FDB 43.7£2.9 | 99.31+0.9 | 40.84+2.8 | 98.8+0.9 | 36.9£2.6 | 97.8+1.0
w/o Fourier | 17.04£2.8 | 50.945.2 | 16.7£1.2 | 50.7£3.1 | 17.14£2.6 | 51.4+4.9
w/o CCS | 39.0£2.6 | 96.54+0.8 | 36.6+2.6 | 94.7£1.1 | 34.2£2.6 | 94.0£1.3
w/o dat. | 30.5£1.693.3+1.7|28.9+1.5 | 91.0£2.3 | 28.0£1.5 | 89.6+2.6
w/o sto. | 43.4£2.9(99.3+0.8 | 40.0+2.0 | 99.0+0.3 | 36.2+£2.5 | 97.4+1.1
w/o rad. |43.042.7 | 99.3+1.0 | 40.0£2.0 | 99.0+0.3 | 36.84+2.5 | 98.1+1.0

TABLE XII: Performance of variants with different schedules for n, w; on
IXI for R=4-8.

(@ FDB R=4 R=6 R=38
PSNR | SSIM | PSNR | SSIM | PSNR | SSIM
R'=2 |437429(99.3109]40.812.898.8+0.9 |36.9+2.6 | 97.8+1.0
R'=4 |425429(99.140.7]38.6423 | 98.040.5 | 35.042.7 | 96.71.0
R'=8 |42.642.8]99.240.5 383222 98.040.5 | 34.6£2.5]96.5+1.0
R =16 |424%3.1|99.120.6| 38219 | 98.0£0.5 | 34.6+2.6 | 96.6:1.0
(b) wlo adj. R=4 k=6 R=8
PSNR | SSIM | PSNR | SSIM | PSNR | SSIM
R'=2 |423229(99.2408]40.743.0|98.740.6 | 35.742.8 | 97.4+1.0
R'=4 |425429]99.140.7 | 41.1£3.1 | 98.6:£0.6 | 36.5+2.8 | 97.6+0.9
R'=8 |39.642.7]98.540.7]38.242.4 | 977409 | 34.6+2.5 | 96.5+1.0
R' =16 |37.6425]97.840.7|35341.9] 963409 |32.542.4 | 95.0+1.1

D. Computational Efficiency

Table VIII lists the memory load and inference time for
competing methods. Among deep-learning models, the rel-
atively compact rGAN has the lowest memory load, I°SB
equipped with a relatively heavy backbone has the highest
memory load, and remaining diffusion models including FDB
have moderate demands comparable to each other. In terms
of inference time, models that reconstruct images in a sin-
gle forward pass require relatively short processing times.
Meanwhile, diffusion models that employ iterated sampling
algorithms naturally rely on longer computations. Among
diffusion models, CDiffMR and FDB that alter their number
of reverse diffusion steps based on the undersampling rate in
the test set show modest increases in inference time towards
higher R. Still, FDB has a moderate inference time compared
against more demanding methods such as Score-MRI, Soft-
Diffusion and I>SB.

E. Influence of the Sampling Algorithm

A key element of FDB is its tailored sampling algorithm,
Continually Corrected Sampling (CCS), which is integral to
the proper functioning of its diffusion process. In conventional
diffusion priors (e.g., DDPM, HFS-SDE), the reverse process
operates via iterative image denoising: at each timestep, the
network updates most or all of the image (or k-space) data,
naturally refining previous estimates and self-correcting over
time even with a standard sampling algorithm. In contrast,
FDB’s forward process removes non-overlapping subsets of k-
space points at each step. Without CCS, previously recovered
k-space points would remain fixed during the reverse process,
depriving FDB of the iterative error-correction mechanism that
is innate to conventional diffusion priors.

To investigate how the pairing between diffusion model
and sampling algorithm influences performance, we conducted
cross-pairing experiments by applying different sampling al-
gorithms to trained DDPM, HFS-SDE, and FDB models.
Specifically, we examined the vanilla Euler-Maruyama (EM)
sampler [73] and CCS, along with sampling methods designed
to improve diffusion priors through error correction, includ-
ing Diffusion Posterior Sampling (DPS) [56], Pseudo Linear
Multistep (PLMS) [86], and Predictor—Corrector (PC) [46].
Results at R = 8 are presented in Table IX. In general, we
find that each model typically achieves its best performance
when paired with its native (i.e., originally proposed) sampling

R=4 R=6 R=28
PSNR SSIM PSNR SSIM PSNR SSIM

Linear 43.742.9 | 99.3+0.9 | 40.8+2.8 | 98.8+0.9 | 36.9+2.6 | 97.8+1.0

S Log 40.7£3.0 | 98.7+2.9 | 38.31+2.6 | 98.040.6 | 35.5+2.8 | 97.3£0.9
Cosine 43.542.4199.1+0.2 | 40.24+2.4 | 98.04+0.3 | 36.5+2.2 | 97.2+0.6
Learned | 43.7£2.9 | 99.3+0.9 | 40.84-2.8 | 98.840.9 | 36.9+2.6 | 97.8+1.0

£) Linear 24.442.4|85.143.1 | 22.6£1.2 | 82.6£2.6 | 20.8+2.4 | 80.2+2.7
Exponential | 25.4%1.1 | 88.5£2.0 | 24.5£1.1 | 87.7£2.0 | 24.1+1.2 | 88.3%1.5

algorithm. For instance, HFS-SDE performs optimally with
the PC sampler, and FDB performs best with the CCS sam-
pler. Furthermore, pairing models with non-native samplers
typically causes performance degradations. For instance, HFS-
SDE yields 36.3dB PSNR with the PC sampler, albeit its
performance lowers to 26.9dB with the vanilla EM sampler.
While very small SSIM improvements are occasionally seen
for DDPM when using non-native samplers, they do not
approach the performance achieved by FDB with CCS. These
findings corroborate that CCS is an integral component of FDB
that enables it to fully-realize the task-specific design of its
diffusion process through continual error correction.

F. Ablation Studies

A group of ablation studies were conducted to assess the in-
fluence of major method components and parameters in FDB.
FDB is trained for a start-point of R’-fold undersampled data
(corresponding to T’y timesteps). To improve flexibility and
performance during inference, it adaptively adjusts the number
of timesteps 7, while reconstructing R-fold undersampled test
data. Table Xa lists reconstruction performance for R'=2-16.
FDB models with lower R’ values yield higher performance
consistently across R prescribed for test acquisitions. We
also examined the influence of adaptive adjustment of 7). by
comparing FDB against a ‘w/o adjust.” variant that always
prescribed T, = Ty. Table Xb lists performance of the
variant model at R’'=2-16. FDB achieves generally higher
performance than ‘w/o adjust.” for a given R'-R pair, and it
maintains more consistent performance across increasing R’
values at a given R. These findings suggest that performance
improvements are viable in FDB by attuning R’, and that
adaptive adjustment of T, introduces a degree of robustness
against R'-R mismatches.

Next, we examined the importance of method components
related to the degradation operator and sampling algorithm
by forming several FDB variants. A ‘w/o Fourier’ variant
removed the Fourier constraint to express intermediate image
samples as a weighted average of fully-sampled and under-
sampled data as in conventional diffusion bridges [71]. A ‘w/o
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CCS’ variant ablated the corrected sampling algorithm to use
iterated Langevin sampling as in Eq. 20. A ‘w/o dat.” variant
ablated data-consistency projections during inference. A ‘w/o
sto.” variant ablated stochasticity by using shared instances of
frequency removal matrices across training samples. A ‘w/o
rad.’ variant removed the radius threshold in the degradation
operator to promote unordered selection of removed frequency
components across k-space. FDB generally yields superior
performance against variants as listed in Table XI, except for
‘w/o rad’ and ‘w/o sto.’ that occasionally yield on par or
slightly higher SSIM. These results indicate that key method
components that distinguish FDB from conventional diffusion
bridges have important contributions to MRI reconstruction
performance.

We also examined the importance of key parameters related
to the schedules for the number of frequency components
removed at each timestep (n), and the weight of the correction
term in the CCS algorithm (w;). For n, the linear schedule in
FDB was compared against logarithmic and cosine schedules
across timesteps. For w;, the learned schedule in FDB was
compared against linear and exponential schedules. As listed
in Table XII, FDB outperforms variants in all tasks, indicating
that the proposed parameter schedules contribute significantly
to reconstruction performance.

VI. DISCUSSION

FDB generates images via a dealiasing transformation that
imputes unacquired k-space points in MRI data, eliciting two
key differences in the context of diffusion modeling. First,
FDB does not employ Gaussian noise addition that has been
postulated to enable the training set to more uniformly cover
the domain of the data distribution via a density smoothing
effect in task-agnostic diffusion priors [44], [87]. Yet, cor-
roborating recent reports based on analytical and heuristic
approaches that showcase the feasibility of score-function
learning via non-noise perturbations [62], [69], [72], here we
demonstrate that FDB can effectively learn the distribution
of fully-sampled MRI data without relying on noise addition.
Second, maintaining stochasticity during reverse diffusion
sampling has been suggested to aid correction of sampling
errors [50], [58]. In the absence of noise addition, FDB
maintains a degree of stochasticity via using random instances
of frequency removal matrices across the diffusion process for
each MR image, as we find that using fixed removal matrices
does not yield notable benefits in MRI reconstruction.

Paralleling its performance in within-domain settings, FDB
remains the top-performer among competing methods even
under reasonable domain shifts in k-space sampling strategies
and dataset. While task-agnostic diffusion priors rely on a
noise-driven diffusion process untied to specific sampling
patterns, granting them flexibility across sampling strategies,
FDB enhances task relevance by incorporating 2D peripheral-
to-central k-space undersampling in its diffusion process.
Importantly, our experiments show that FDB maintains strong
performance when training and testing across different sam-
pling strategies (2D variable-density, 2D Poisson-disc, 1D)
and undersampling rates (R’ versus R), indicating that design

elements promoting task specificity do not unduly compromise
generalization to unseen or significantly different patterns.
That said, clinical confirmation of reliability against substantial
domain shifts in sampling patterns and anatomical content
remains an important direction for future work. Recent studies
have reported that adaptation of image priors to individual
subjects can boost generalization to atypical anatomy [38],
[41]. During inference, adaptation requires optimization of
network parameters that can be computationally burdening
for diffusion priors with thousands of sampling steps, so
accelerated sampling methods would be requires to improve
practicality [45]. The preprocessing steps in IXI may alter the
characteristics of MRI data, potentially reducing the complex-
ity of reconstruction tasks and yielding an over-optimistic view
on acceleration rates achievable in clinical use. Note, however,
that all of the main experiments in the current study were also
conducted on the fastMRI dataset that contains unprocessed
multi-coil complex data, and the results from the two datasets
provide a convergent view corroborating the superiority of
FDB over competing methods.

Several technical limitations can be addressed to help en-
hance the performance and utility of FDB. Diffusion models
typically employ Langevin sampling across thousands of steps,
resulting in characteristically slow inference. Unlike task-
agnostic diffusion priors, FDB initiates sampling with the
least-squares reconstruction of undersampled acquisitions, re-
cently shown to improve efficiency [58]. Yet, FDB has longer
inference times compared to adversarial priors with one-step
image sampling. To improve efficiency, several acceleration
strategies can be adopted including adversarial learning to
enable reverse diffusion over large step sizes [45], interleaved
sampling followed by a refinement procedure [52], and distil-
lation of trained priors [88]. Future studies are warranted to
assess the influence of acceleration on FDB’s performance.

The observed improvements in reconstruction performance
with the CCS algorithm suggest that estimation accuracy for
Zo(t) is relatively poor near the start-point of the diffusion
process, hampering estimation accuracy and computational
efficiency. A further approach to improve sampling accuracy
could be to adopt recursive estimation of Z((¢) at each time
step [74], which could shorten the number of steps required
to approach convergence. FDB’s recovery operator predicts
the clean image at 0 given the image sample at ¢, and
then degrades it back to obtain the sample at ¢ — 1. To
mitigate potential deviations in acquired k-space components
from their originally measured values, FDB hence uses data-
consistency projections between consecutive reverse diffusion
steps. Improved efficiency might be attained by adopting
data-consistent sampling algorithms that avoid these projec-
tions altogether [70]. FDB constructs its diffusion process
via undersampling degradations for MRI reconstruction, yet
this task-specialization might hamper performance in non-
reconstruction tasks (e.g., deblurring). To build a multi-task
model while avoiding performance losses, training sets with
mixed samples could be used derived from the different degra-
dation operators associated with each task. A task identifier
could also be employed to allow task-specific modulation of
feature maps across the recovery network [89].
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Another area for improvement concerns learning strategies
in FDB. Here, key hyperparameters including the level of
degradation at the start-point, and the number of training
epochs were tuned via cross-validation. Since the tuned set
of parameters is compact and modest performance changes
were observed under moderate drifts from optimal values,
we reason that practical implementations will not face major
computational burden. When needed, hyperparameter tuning
might be performed on smaller training sets to enhance prac-
ticality. Learning on training sets with mixed MRI contrasts
might be improved by employing contrast-specific modulation
of feature maps [89], by training contrast-specific priors [15],
or by jointly reconstructing across multiple contrasts [29],
[90]. In cases where acquisition of fully-sampled data to
permit supervised learning is challenging [91], [92], reliance
on fully-sampled data can be lowered via self-supervised,
cycle consistent, or low-rank assisted learning [48], [87], [93],
[94].

Other areas for improvement include the network architec-
ture, degradation operator, and domain of operation for FDB.
To boost contextual sensitivity without elevating computa-
tional burden, hybrid architectures comprising convolutional
and transformer blocks might be utilized in FDB [30], [39],
[95]. Here, performance reconstructions were obtained via
a degradation operator following peripheral-to-central order
for frequency removal in compliance with variable-density
sampling patterns. If desired, the degradation operator can
be adopted to implement Poisson or uniform patterns [83].
It remains future work to assess the ideal sampling patterns
for FDB. Here, FDB was implemented as an image-domain
diffusion model. While a k-space implementation could be
expected to offer similar benefits [51], [53], it remains future
work to assess the relative performances of variants in image-
domain versus k-space. Dual-domain implementations might
enable performance improvements at the expense of elevated
model complexity [20].

VIlI. CONCLUSION

In this study, we presented a novel diffusion bridge, FDB,
for accelerated MRI reconstruction. During forward diffu-
sion, FDB’s stochastic degradation operator performs ran-
dom spatial-frequency removal to map directly between fully-
sampled and undersampled data. For image reconstruction,
FDB performs reverse diffusion with a novel continually-
corrected sampling algorithm to progressively dealias MR
images. Demonstrations on brain MRI indicate that FDB
outperforms state-of-the-art reconstruction methods based on
non-diffusion and diffusion priors.
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